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Abstract

In this thesis we study a p-adic symbol for triples of modular forms which was proposed to
the author by Henri Darmon. Our main achievements are as follows. We prove the various
symmetry properties of this p-adic triple product. We develop and successfully implement
an efficient algorithm for calculating it; in the case in which all the forms have weight
greater than two we require an auxiliary non-vanishing hypothesis. And we illustrate
the application of our algorithm with numerous examples. A curious consequence of our
work, relating to our non-vanishing hypothesis, is an efficient method to calculate certain
Poincare pairings in higher weight.

Our symbol is intimately related to p-adic L-functions for triples of modular forms.
However, we do not study at all continuity properties of our p-adic triple symbol. Indeed,
any well-behaved variation of our symbol in the first variable is likely to be extremely
subtle to study, and there may well be no way at all of making sense of this.
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Chapter 1

Introduction

1.1 A simple example

We begin by introducing our triple symbol in the simplest setting. All the notation used
here will be fully defined in the body of this thesis.

Let f, g, h be three cuspidal eigenforms over Q of weight 2, level N and trivial char-
acters. Fix a prime p and assume that p/N. Let ay and §; be the roots of the Hecke
polynomial

2 — ay(f)z + p.
Assume that the modular form f is reqular at p, i.e. that oy and §; are different. Assume
as well that f is ordinary at p, i.e. that one of the roots of 2? — a,(f)x + p, say ay, is a
p-adic unit. Define the following two modular forms:

falq) == flq) — Br f(d");
fs(q) == f(q) — asf(q").

We call f, and fz the p-stabilizations of f. They have level pN, and are eigenforms for
the U, operator with respective eigenvalues ay and f;. Since we assumed that oy is a
unit, it is customary to call f, the ordinary p-stabilization of f. Define the following
Euler factors:

g~<f7 g, h) = (1 - /Bfagahp_Q)(l - ﬁfozgﬁhp_Z)(l — Bfﬁgahp_Q)(l — ﬁfﬂgﬁhp_Q);
E(f,9,h) = (1 = ayaganp™)(1 — azayfup ) (1 — aBganp™) (1 — ayByBup~?);
Eo(f)=1-8ip7  &(f)=1—ajph;
Ei(f) =1~ 6?]972; E(f)=1- oz?cp*?

(1.1)

Let Az, be the projection over f,; it is the unique Hecke-equivariant linear functional
that factors through the Hecke eigenspace associated to f, and is normalized to send f,
to 1 (cf. Definition 2.7 in [Loel8]). Let d := q% be the Serre differential operator and

wyi=f (q)% the differential associated to f. Consider the quantity

(o, 00 ( EU) g (@) 1) 4 < o, (0 ) h)) |

E(f,g,h) )
1.2

p E(f,g9.h)



where (-,-) is the Poincaré pairing and ¢ is the Frobenius map. It turns out that this
quantity is independent — up to a sign — of the order of f,¢g and h. This result is
particularly surprising since the quantity in (1.2) does not appear to be symbolically
symmetric in f, g and h. This will fit into the framework of this thesis, as we relate this
quantity to the image of certain diagonal cycles under the p-adic Abel-Jacobi map.

The above can even be generalized to modular forms of higher weight and any char-
acters satisfying xsxgyxn = 1, which we will do in Section 4.2. In that case, one needs to
adjust the Euler factors from (1.1) and introduce an extra factor and some twists by X;I
n (1.2). One would also require that the weights be balanced, i.e. that the largest one is
strictly smaller than the sum of the other two.

In order to explicitly calculate (1.2), for modular forms of general weight, we need
certain computational tools, namely being able to compute ordinary projections of nearly
overconvergent modular forms, as well as projection over the slope « subspace for a not
necessarily zero. In [Laul4| (see also [Laull]), the author describes an algorithm allowing
the calculation of ordinary projections of overconvergent modular forms. We introduce
here improvements to this algorithm, allowing us to accomplish the aforementioned tasks.
The use of this new algorithm is not restricted to this work. The experimental calculations
detailed in Chapter 5, on the symmetry of (1.2), provide additional support to the fact
that our algorithm is functioning properly.

An additional application of our code is the calculation of certain periods of modular
forms. Indeed, using the symmetry of our new p-adic triple symbol, introduced in Section
4.2, we explain how one can use our algorithms to compute the Poincaré pairing 2y :=
(wr, d(wy)), where ¢ denotes the Frobenius action and f is a newform of any weight. See
[DL21], [DLR16] and Section IIL.5 of [Nik11] for instances where this pairing appears in
the literature. There are currently no known ways of evaluating general Poincaré pairings,
and the value of €2y has so far only been computed in cases where f has weight 2 using
Kedlaya’s algorithm [[Ked01].

1.2 Structure of the thesis

We now describe the structure of the thesis. It is divided as follows.

In Chapter 2, we find it relevant to mention certain theoretical aspects of (classical)
modular forms. Indeed, one of the best ways of studying p-adic modular forms is to relate
them to classical modular forms. We thus describe the various ways one can view them.
We also discuss the U, operator and the slope decomposition it induces.

In Chapter 3, we recall a known algorithm to compute projections of modular forms,
as our ultimate goal is to compute certain p-adic triple symbols. We expand on the known
algorithm and generalize it. Some of the methods that we will describe are due to David
Loeffler. In particular, the approaches used in Sections 3.1.3 and 3.2 were suggested by
him.

In Chapter 4, we recall the Rankin-Garrett triple product p-adic L-function. We then,
inspired by it, define a p-adic symbol for triples of modular forms. In the remainder of
the chapter, we study the symmetry properties of our new p-adic symbol, both when the
first variable is fixed and when all three inputs are allowed to vary. We also explain why
our symbol cannot satisfy full symmetry in the case of odd weights.
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Chapter 5 is dedicated to presenting our numerical results, which support both our
formulas and the well-functioning of our algorithms. We make sure to include varied
examples; in particular we include examples of overconvergent modular forms as well as
nearly overconvergent modular forms. We also include forms of non-trivial character and
odd weight.

In Chapter 6, we present a curious application of our algorithms. Indeed, we can
exploit the symmetry result for our p-adic triple symbol to compute Poincaré pairings of
the form (wy, ¢(wy)). Such pairings are p-adic analogs of the Petersson norm, and have
so far only been computed in the case where f is a cuspidal newform of weight 2 over Q.
We show how to compute them in the case where f can have any weight.

In Chapter 7, we discuss some aspects of research in computational number theory
that are often not mentioned in research papers. Indeed, in this section of the thesis, we
take the time to discuss some issues that arose at the interface of experimental calculations
and theoretical research. We explain how experimental calculations can be a valuable tool
to help guide and confirm theoretical beliefs, by giving examples from the author’s own
experience while conducting the research presented in this thesis.



Chapter 2

Preliminaries

2.1 Modular forms

2.1.1 Classical Modular forms

Modular forms are usually defined in the following way (cf. [DS05, D195, Dar04]), which
lends itself well to computations. To this end, it is convenient to introduce the slash
notation for a complex valued function f on the upper half plane H:

(flen)(7) = (er +d) " f(y7), (2.1)

b
d

The factor of (cr +d)~* appearing in (2.1) is called a factor of automorphy. We shall
denote it by ji(7, 7). It is a holomorphic function from SLy(Z) x H to C*, satisfying the
cocycle relation:

for all v = [CCL } € SL2(R), where £ is an integer.

Jk(172, 7) = Jk(71, 727)Jk (2, 7).
We are now ready to define modular forms of weight k£ and level I', where I' is a finite

index subgroup of SLy(Z).

Definition 2.1.1 (Modular forms, Version 1). A modular form f of weight k& and level
' is a holomorphic function f : H — C such that (f|xy)(7) = f(7) for all ¥ € I" and all
T € H. Moreover, we require that for all v € SLy(Z), there exists some h € N such that
flxv has a Fourier expansion

f‘k’y Z an 1/h ’
n>0

where ¢ = €*™7.

In practice, the main levels I' C SLy(Z) that one considers are

P(N) = {M € SLy(Z): M = {(1] ﬂ mod N} ,



['(N) = {M € SLy(Z) - M

1 *
] )
* %
] )

for N € N. The subgroups I'(N) C I'y(N) C I'y(NN) C SLy(Z) are singled out as they are
directly related to the reduction map

[o(N) = {M € SLy(Z) - M

mod N

Indeed, I'(N) arises as the kernel of the above reduction map, I'g(/N) is the preimage of
the Borel subgroup (i.e. the subgroup of upper triangular matrices) and I';(N) is the
preimage of the subgroup of upper triangular matrices with 1s on the diagonal. We also
see in Remark 1 that these groups have specific roles and can be interpreted in certain
meaningful ways. We will therefore always assume that the level I' of a modular form is

one of I'(N),I'1(N),Tg(N), for N € N.

Definition 2.1.1 has the advantage of being direct, simple and easy to use for compu-
tations. However, it is not the best conceptual way to view modular functions, especially,
when trying to prove theoretical results about them, or generalize their construction to
arbitrary number fields.

Indeed, let us introduce the concept of level I" structure (see Chapter 3 in [KKM85] for
more on this). This will encode the interaction between the subgroup I' and the modular
forms. Then, we’ll be able to define modular forms in a more conceptual way.

Definition 2.1.2. Let E be an elliptic curve over some base ring R (or over a base
scheme S, if we want to be more general) and let I' be one of I'(N), "1 (IV), To(V) for
N € N which is invertible in R. We say that « is a level I' structure on F if it is

e an isomorphism of R-group schemes « : (Z/NZ)* — E[N], if I = T'(N);
e an injective homomorphism « : Z/NZ — E[N], if ' = I';(N);

e a cyclic isogeny « : E — E’ of degree N, to some elliptic curve E', if I' = Ty (N).

In the literature, level I'(N) structures, level I'; (IV) structures and level I'g(N) structures
are sometimes refer to as full level N structures, arithmetic level N structures and Borel
level N structures, respectively (see [[KM85] and [Gou&g|).

Remark 1 (See pages 37-38 in [DS05]). A full level I'(IV) structure is equivalent to giving
a (Drinfeld) basis (P, Q) for E[N], i.e. a pair (P, Q) that generates E[N] and has Weil
pairing ey (P, Q) = ¢*™/N. An arithmetic level I';(N) structure is equivalent to giving a
fixed point of exact order N on E. Finally, a level I'g(/V) structure is equivalent to giving
a cyclic subgroup of E order N. See also Theorem 1.5.1 in [DS05] for more.

Recall now, from the theory of elliptic curves, the fact that isomorphism classes of
elliptic curves over C are classified by homothety classes of lattices, which in turn are also
classified by the complex upper half plane modulo the action of integer linear fractional
transformations. This gives the following bijections:

SLy(Z)\H +— {lattices A C C up to homothety}
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+— {elliptic curves F//C up to isomorphism}.

Moreover, if we look at lattices in C, not up to homothety, it turns out that they also
classify elliptic curves up to isomorphism with the additional structure of a non-vanishing
differential. Indeed,

{lattices A C C} <% { elliptic curves E up to isomorphism}

with a non-vanishing differential w
A (Ey :=C/A = (pa(2), P (2)) ,wp :=d2),

where

1 1 1
pa(z) == =t Z Gap =2
xzeA—{0}

is the Weirestrass p function, allowing us to transition from lattices A to elliptic curves
Ey.

Finally, with this in mind, we can look back at Definition 2.1.1 and see that the domain
of modular functions can be equivalently thought of as just being the set of elliptic curves
up to isomorphism with a non-vanishing differential and a certain regularity under the
action of I' (which can be encoded via level T' structures). This helps understand where
the following more abstract definition of modular forms comes from.

Definition 2.1.3 (Modular forms, Version 2). A modular form f over C of weight k
and level T" is a holomorphic (at the cusps) complex valued function f(F,w,t) on “test
objects” (E,w,t) where F is an elliptic curve over some C-algebra A, w is a non vanishing
differential on E, and ¢ is level I" structure on E, such that f(E,w,)

(i) only depends on the isomorphism class of (F,w,);
(ii) commutes with arbitrary change of base (of the field /ring on which E is defined);
(iii) is homogeneous of degree —k in its second variable, i.e. f(E,  \w,t) = AX"Ff(E,w,1).

Remark 2. To be completely rigorous, we need to point out that given a test object
(E,w,t) and an isomorphism of elliptic curves p : E — E’, we get a new test object
(E',w', ("), where ' is the pushforward of w through p and ¢/ is obtained by composing
¢ with p (or p¥) in an appropriate way, depending on which T' C SLy(Z) we are dealing
with.

The advantage of this definition is that it easily generalizes to any base scheme S,
rather than always taking C. This is the approach taken by Katz when he introduced
overconvergent modular forms. We will see this in Definition 2.1.5 of Section 2.1.2.

Up until now, we have see modular forms as functions on A that transform nicely
when acted upon by I' C SLy(Z). We can alternatively view them as functions on
H /T, but with some more structure to compensate for the fact that their domain is now
H /T instead of H. This gives us this last definition, where we view modular forms as
being sections of line bundles. There will be complications when dealing with the case
[' = I'y(N). Indeed, T'o(NN) is not a torsion free subgroup of SLy(Z), as it contains the
matrix —Id for all N. This will cause issues when considering universal modular curves.

11



In contrast, the curves obtained from compacting #/T'1(N) and H/T'(N) already come
with a universal modular curve (at least for N > 4 and N > 3 respectively).

First, we define the Hodge line bundle £¥ on T\'H as follows. Recall that all line
bundles on C must be trivial because C is contractible. We can then take the trivial line
bundle H xC — H on H and reduce it modulo I" via the action (7,t) — (yx 7, - jr(7v, 7)),
as in Figure 2.1. This line bundle is completely determined by the factor of automorphy
Jk(7,7), which in turn depends precisely on the weight & and the level T,

| Lf'ﬁ(“a

L4 % P

iy %"K

ii SRR ) » & Yﬂf‘j F
[ ‘ .

Figure 2.1: The Hodge line bundle ¥ on T'\'H.

Let H* := H UPY(Q) and consider the compactification T'\H* of T\'H. We are now
ready to view modular forms of weight k£ and level I' as being global sections of the Hodge
line bundle £F over T'\'H*, since one can extend the Hodge line bundle from T'\'H to
I\H* when I' is sufficiently small (see Remark 4.5 in [Gor02]). This is equivalent to
saying that they are holomorphic functions f on H such that f(y7) = j P (v, ) f(71),

where j ot = Jre s the factor of automorphy associated to the bundle £~

Definition 2.1.4 (Modular forms, Version 3). A modular form of weight k and level I
is an element of H® (X(I'), £F), where X(I') := I'\H* denotes the compactification of
the modular curve I\H and .Z* is the Hodge line bundle on X(T').

When T is torsion free, instead of taking the Hodge line bundle £, we can use a
more general approach based on the differentials naturally associated to the modular
curve T\H. Indeed, let & = {(r,2) : 7 € H,x € C/(Z ® Z7)}. Then the group
' acts on & via (1,2) = (y7,jrx(y,7)"'z). This allows us to define the universal
elliptic curve & :=T \gp of level I'. Now, let 7 : & — I'\'H be the natural projection
and let w := m,Q¢. be the pushforward onto I'\H of the (sheaf of relative) differentials
on . We finally obtain the line bundle of differentials w®* on I'\{. We then have
H (x(T), ZF) = H° (X(T),w™").

Note also that the above definition makes sense because one can chose an appropriate
extension of the bundle w®" from I'\'H to I'\'* (see Section 4 of [Gor(2] for more on this).
The set of modular forms of weight & and level I' is denoted by M(I"). Some authors also

consider the set of modular forms that are meromorphic at the cusps but not necessarily
holomorphic and denote it by F(I'). We will call Fj(I") the set of meromorphic modular
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forms of weight £ and level I' to avoid any confusion. So, we would have

Mk(r) = H° (F\H*vgllc) ) Fk(r) = H° (F\H"’g’ﬂl’l‘g) :

Definition 2.1.1 of a modular form makes it clear how we can get a Fourier expansion
out of a modular form. The other two definitions are a bit more abstract. To see how this
is possible, we use a parametrization of the set of elliptic curves (which modular forms
can take as inputs, see Definition 2.1.3) by complex numbers via the isomorphism

C/(Z®TZ) = C* /¢,
where ¢ := e*™7. As a consequence, we obtain a parametrization T'(q) giving us an
elliptic curve for each g = e?™". We refer to T(q) as the Tate curve (cf. Theorem V.1.1
in [Sil94]). Then, for a modular form f as in Definition 2.1.3, we define its g-expansion
(at the oo cusp) as

f(q) == [ (T(q), wean) € C[q]].

The reason why f(q) lies in C[[g]] instead of C((q)) is that modular forms have to be
holomorphic at the cusps in our definitions, so in particular they will be holomorphic at
the cusp oo.

2.1.2 Overconvergent and p-adic modular forms

Fix a prime p and a finite extension K of Q, and let B := Ok be its ring of integers. We
can actually take B to be any p-adic ring, i.e. a complete separated Z,-algebra with the
p-adic topology. Overconvergent modular forms can be thought of as being modular forms
with extra convergence conditions. We will make this idea more precise. Just like for
classical modular forms (see Definitions 2.1.3 and 2.1.4), we can view them as functions
on test objects (cf. [Gou88, Kat73, Kat75]) or as sections of certain line bundles. Here,
test objects of level I' and growth condition r € B are tuples (E/A,w,t,Y), where E is
an elliptic curve over some B-algebra A together with a non-vanishing differential w and
a level I" structure ¢. Also, Y will just be some element of A such that Y -E,_(E,w) = r.
By E,_1, we mean the normalized Eisenstein series of weight p — 1. The level structures
that we will consider here will be for the subgroups I'(N), 'y (N), T'o(V) of SLy(Z) with
N € N such that pfN.

Definition 2.1.5 (Overconvergent modular forms, Version 1). A p-adic modular form f
of weight k, level I" and growth condition r is a function that is holomorphic at the cusps
(see Remark 3 below) sending each objects (E/A, w,t,Y) of level I" and growth condition
rto f(E/A,w,t,Y) € A such that f(F/A,w,.,Y)

(i) only depends on the isomorphism class of (E,w,,Y);
(ii) commutes with arbitrary change of base (of the ring on which F is defined);

(iii) is homogeneous of degree —k in its second variable, i.e.

f(E/A D w0, 1, Y) =\ f(E/Aw,.,Y).
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Remark 3. In the above definition, and throughout this thesis, we mention p-adic modular
forms f that are holomorphic at the cusps. For instance, when the (usual) g-expansion
of f(q) lies in B[q]], instead of just B((q)), we say that f is holomorphic at the cusp oo.
In general, one can consider the g-expansion of f at any cusp. If every such expansion
lies in Bl[g]], then we say that f is holomorphic at the cusps. We will explain how to get
such g-expansions at the end of this subsection.

The space of p-adic modular form f of weight k, level I' and growth condition r is
denoted by M ,f'adiC(B ,I'; 7). We might often drop the B when it is clear which space we
are working with. Usually, we will have B := Z,. In the case where r is not a unit,
r ¢ B>, we say that we have an overconvergent modular form of weight k, level I' and
growth condition 7. We denote this space by MP¢(B,T";r). We will see at the end of
this section how to define the vector space of overconvergent modular forms M2°(K,T';r)
defined over the field K.

We can also similarly to the last section define overconvergent modular forms as
sections of line bundles. This task is a bit more subtle now. For example, if p = 3, we
would have to take the 3™ power of & instead of & in what follows (cf. Theorem 1.8.1 in
[Call3]). Assume henceforth that p > 5, in order to simplify the following construction.
We define X(I')<, to be the rigid analytic space (cf. [Bos09, Bosl4]), over K, that is
given by the set of points z of the compactified moduli scheme (over B) of elliptic curves
with a level I' structure such that ord,(</(z)) < ord,(r), where < (z) is a lift of the
Hasse invariant & at x. For simplicity, we will ignore the distinction between a rigid
analytic space and its underlying set of closed points. It is know that the Hasse invariant
vanishes precisely on supersingular elliptic curves. Thus, we can think of X'(I")<, as being
just like X(I") but with balls of radius |r|, removed around the supersingular points. In
particular, if ord,(r) = 0 (i.e. r is invertible) then we get the ordinary “locus” X (I")orq
composed of all the ordinary elements in X'(I").

Just like for classical modular forms, the space X(I')<, has a set of differentials w
on it. They come from (the pushforward of) the holomorphic differential forms on the
universal elliptic curve over B.

Definition 2.1.6 (Overconvergent modular forms, Version 2). An overconvergent modu-
lar form of weight k, level I'(N) and growth condition r is a section of H® (X (D)<, w®*).
So we have

Me(K,T;r) = H (X(D)<,, w®).

One can give an analogue of the above definition for overconvergent modular forms
defined over B. To do so, we would need however to define an integral version of X (I")<,.
See, for example, the remark at the bottom of page 6 in [Gou88| for more on how to do
this.

Let E,_; denote the normalized Eisenstein series of weight p — 1 (and level 1). For
N > 3, p > 5and r € B*, we have an isomorphism (cf. Theorem 6.15 in [Gor02])
expressing them in terms of an inverse limit of classical objects

Mg“(B,T;7) 2 lim (HO <X(F)/zp, @w'fﬂw) &z, <B/p”B>> / (Byr— 1),
=0

n

where X'(I') /z, denotes the compactified moduli scheme over Z, of elliptic curves with a
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level I structure and w denotes the differentials on M(I"). This translates to

M]SC(B, I; r) = 1<£n (@ Mk+j(P—1)(B/pnB7 F)) / (Ep—l - T) .

n j=0

These definitions don’t help us very much in terms of computations, as they are
quite abstract. Thankfully, there is a convenient and computationally-friendly way of
dealing with them. We will find a “Banach” basis for Mp°(B, N;r), allowing us to express
overconvergent modular forms as series in classical objects. Actually, we will find a
“Banach” basis for ]\Lgawhc(B7 N;r), i.e. r doesn’t need to be non-invertible. We will thus

rely on classical modular forms to build the overconvergent ones.

First, assume for simplicity that p > 5 and does not divide N. When we write
My (B, N), we mean the space of modular forms over B of weight k and arithmetic level
structure N, i.e. level structure I'y (V). Note also that we have

My(B,N) = M(Zy,,N) ®z, B.
Notice that the map
Mk+(i71)(p—1)(B> N) < MkH(pfl)(B’ N)
f — Ep—l : f
is injective but not surjective for all ¢ > 1. It also has a finite free cokernel ([<at73],

Lemma 2.6.1), so it must split. We can then, following Gouvéa’s notation (see Chapter
I of [Gousg]), let Agyip—1)(B, N) be a free B-module such that

Myvip-1)(B,N) = Ep—1 - My (i—1y(p—1)(B, N) @ Aprip—1)(B, N).
For i =0, let Ax(B, N) := My(B, N). We also have
Ak+i(p—1)(37 N) = Ak-‘ri(p—l)(Zp’ N) ®z, B.

We can think of Ajiip—1)(B,N) as the set of modular forms of weight k + i(p — 1) that
do not come from smaller weight forms multiplied by E,_;. We notice that we can write

Mivip-1) (B, N) = Ep1 - My (i-1)(p-1) (B, N) @ Apip-1)(B, N)
-1+ (Bp1 - Miyi-2)p-1)(B, N) @ Ay iyp-1)(B, N))
® Aptip-1(B,N)

@ —1 - Aktap-1) (B, N).

We are now ready to give an equivalent definition for the space of r-overconvergent
modular forms.

Definition 2.1.7 (Overconvergent modular forms, Version 3). The space of overconver-
gent modular forms of weight &, growth condition r and level I'; (V) is given by

M°(N:r) {Zr B L b € Aprigp 1)(N),ili>r£10bi:0}, (2.2)

where by lim; ., b; = 0, we mean that the expansion of b; is more and more divisible by
p as i goes to infinity.
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Remark 4. If we take r to be invertible in equation (2.2), we will just get MP*V(N;r).
Moreover, we can also define overconvergent modular forms with a given character x. To
do so, we simply take

M N X5Tr) - {ZT EZ b GAk+zp 1)(N ),}i}r&l)Z:O}

Where Ajiip—1)(N, x) is define analogously to Ay p—1)(V) by

Mitip-1)(B, N, X) = Ep1 - My (i—1y(p-1) (B, N, X) © Apgip—1) (B, N, X).

is called a Katz

An expansion for f € MP*Y(B, N, x;r) of the form f = oot El
p—1
expansion and we call r the growth condition. This way of writing them shows how they
can be seen as being overconvergent, i.e. they “converge faster than standard classical
modular forms” (in the p-adic topology).

Remark 5. Some authors (see [Urb14]) might use the notation Mp°(B, N, x;«) to mean
Mp¢(B, N, x;p%). This is because we don’t really care much about what r actually is;
we only care about its p—adic Valuation Indeed, if r = p® - ¢ with p/fe, then we can
write f =57 = p* Cb - . If we ever use the notation Mp°(B, N, x; «)

instead of M OC(B N X; p®) here, we Wlll make it clear.

1= O

We can also talk about the space of all overconvergent modular forms Mp°(B, N, x)
without specifying the growth condition,

M(B,N,x) == | M{“(B,N,x;r). (2.3)

ré&BX
Remember that we do not include units in the above definition because this will give us
p-adic modular forms that aren’t overconvergent (see Definition 2.1.5). If we did allow r

to also be invertible, we would obtain the set of all p-adic modular forms over B of level
['1(N) and integer weight k£ and any growth condition,

ME* (B, N, x) := | M{°(B, N, x;7).
reB
If r = rgry, we then have an inclusion
M;?C(B,N,X; r) = M"C(B N,X;To),
> (2.4)

rZ HZO

i=0 p p 1

In particular, letting » = 1, or any unit, we see that the space of p-adic modular
forms of growth condition 1 is equal to the space of p-adic modular forms of any growth
condition, i.e. M,f'adiC(B, N,x;1) = M,f'adiC(B, N, x). And we also see that overconvergent
modular forms are also p-adic modular forms:

M2¢(B, N, x) € M™"(B, N, x).
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Thanks to (2.4), the union in Equation (2.3) can be rewritten more appropriately as a
direct limit
M(B,N,x):= lm M(B,N,x;r).
—

ordy(r)>0

In [Ser73|, Serre gives a different definition of p-adic modular forms, based on limits of
g-expansions of classical modular forms. To be specific, we say f =) a,q¢" is the limit
of the sequence f; =) aVgn if val,(f — f;) = oo as i — oo, where val, (>, a,q") =
inf,, val,(a,). Note that according to this general definition p-adic modular forms need
not have integer weights. Indeed, the set of weights is

Homconts(Z, , Z,y ) = Autcons(Zy ) = Zy = L/(p — 1)Z X Ly,

p

for p # 2.

Definition 2.1.8 (p-adic modular forms a la Serre). The space of p-adic modular forms
of all weights in Homeonts(Z), Z) ), denoted by MP*4¢(B,T), is the completion of the
space of classical modular forms J,., Mi(B,T).

This definition is very simple to state. On the other hand, the space of p-adic modular
forms of any weight, in HochmS(Z; , Z;), has a very complicated structure and is quite
difficult to study. It is therefore common to restrict ones attention to overconvergent
modular forms instead, i.e. to exclude the case ord,(r) = 0, as this will give non-
overconvergent p-adic modular forms.

We now introduce the Serre operator qdiq, which is often denoted by O,

d

19 M (B, T1(N)) — MP75 (B, T1(N))

Z anq" Z na,q".

(2.5)

This operator does not necessarily preserve overconvergence in general. We do have
a special case proven by Coleman:

Theorem 2.1.9 (Theorem 2, [CGJI5]). Let k > 1 and f € M (B,I'1(N)). Then,
k
() € Migy(B.T1(Y)).

We finish this subsection by explaining that, similarly to classical modular forms over
C, we can write g-expansions for overconvergent modular forms. We do so by using
a version of the Tate curve, which we also denote by T'(¢), that is defined over O
(cf. Theorem V.3.1 in [Sil94] or Section VII in [DR73]). Indeed, for an overconvergent
modular form f of weight k, level I' and growth condition r as in Definition 2.1.5, we
define its g-expansion (at the oo cusp) as

-
E,1(T(q
One can also define an analog of the above g-expansion of f for every cusp (cf. Section 6.2
in [Gor02]). If every such g-expansion of f lies in Bl[q]] instead of B((q)), we say that f is

@)= 1 (700 st ) e Bl (26)

17



holomorphic at the cusps. Moreover, as the Tate curve T'(q) is ordinary, E,_1 (T(q), Wean)
must be invertible in Equation (2.6).

Finally, we generalize the definition of overconvergent modular forms to extensions K
of Q,, instead of just rings of integers B = Og. We simply take

Me(K,T5r) = M*(B, T;r) @p K.

We endow the space MP°(K, I'; r) with the p-adic topology by specifying that Mp°(B,T';r)
will be the unit ball in Mp°(K, ;7). This turns Mp°(K,';7) into a p-adic Banach space.

2.1.3 Nearly overconvergent modular forms

Nearly overconvergent modular forms are a generalization of overconvergent modular
forms, but they still are instances of p-adic modular forms. In recent work of Darmon
and Rotger (cf. [DR14]) as well as Urban (cf. [Urbl4] and Appendix II of [AI21]),
definitions for nearly overconvergent modular forms are given. We will specifically follow
Section 3.2 of [Urb14], and direct the reader to read more of [Urbl14] for the full details
and complete definitions.

Definition 2.1.10 (Nearly overconvergent modular forms). The space of nearly overcon-
vergent modular forms of weight k, level I', growth condition » € B and order of near
overconvergence less or equal to s € Zx( is given by

Mp°¢(B,T;r;s) = H° (X(F)gr,u)@(k_s) ® Sym®*(Hgg)) ,

where Hjp is more precisely defined in Section 2.2 of [Urb14]. We also define the space of
nearly overconvergent modular forms of weight k, level I', order of near overconvergence
less or equal to s € Z>( and unspecified growth condition by

Mp(B,Tys) = lm M B.,T';r;s).

—
ordy(r)>0

In particular, when s = 0 we retrieve the usual definition of overconvergent modular
forms. The above definition allows us to get the inclusions

ME(B,Ty(N);r) € MP*(B, Ty (N);r;5) C MP™(B, T, (IV))
for all » and s. Indeed, this follows from the fact that there is a canonical projection

WBk—9) Syms(HéR) e

Definition 2.1.10 has the advantage of being very conceptual and abstract. It also
mimics the definition of overconvergent modular forms very closely (see Definition 2.1.6).
However, as a consequence, it is hard to use in many practical cases. We therefore give an
applied characterization of nearly overconvergent modular forms that makes them easier
to grasp.

Recall first the Eisenstein series Ej that give us modular forms (of level 1) and weight
k when k > 4. If we take k = 2, the Eisenstein series FE, is still very interesting, even
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though it isn’t a modular form. It is transcendental over the ring of overconvergent
modular forms (cf. [CGJ95]), so

Me(B,T)(Ez) = Mp©(B,T)(X), (2.7)

where X is a free variable. It turns out that Es plays a useful role for giving an alternative
definition of nearly overconvergent modular forms.

Proposition 2.1.11 (Remark 3.2.2 in [Urbl4]). Let f € M]*(B,T'1(N);s) then there
exist overconvergent modular forms go, g1, ..., gs with g; € M. (B,'1(N)) such that

f=g9+qE+ .. +g:E;. (2.8)

By Proposition 2.1.11 and our above explanation (see Equation (2.7)), nearly over-
convergent modular forms are polynomials in Fy with overconvergent modular forms as
coefficients, so we can view them as elements of MP°(B,I'1(N))(X). Recall that we also
can see them as being p-adic modular forms. Hence, on top of having a ¢g-expansion in
Bl[q]], they also have a polynomial g-expansion in B[[q]][X] (of degree less or equal to s,
where s is the order of near overconvergence) that comes from Equation (2.8). Consider
the operator 0 taking as input nearly overconvergent modular forms of weight k defined
on their polynomial g-expansions as

(6)(0, X) = qdiqf kX f(q). 2.9)

Then 0, sends forms of weight k to forms of weight k+2. Indeed, this is because the Serre
differential operator qdiq increases the weight of its input by 2 as in (2.5). Remember that
this operator does not necessarily preserve overconvergence — the best result we have so
far regarding this is Theorem 2.1.9. Also, the kX f term on the right hand side of (2.9)
denotes kEs f, which also has weight k + 2. Define as well the following iterated derivate:

S .__
Op 1= Ok425—2 O Op426—4 © ... O Op.

Proposition 2.1.12 (Lemma 3.3.4 in [Urb14]). Let f be a nearly overconvergent modular
form of weight k and order less or equal to s such that k > 2s. Then for each i =0, ..., s,
there exists a unique overconvergent form h; of weight k — 21 such that

f Z(Sk 22

Propositions 2.1.11 and 2.1.12 allow us to think about nearly overconvergent forms as
having an overconvergent part in them. We define the overconvergent projection 7. of

f= Zz —0 Ok 21( i) by Toe(f) = ho.

Let us now conclude with the following picture of all the different spaces of modular
forms that we have seen:

19



MPadie(Q, T)
MPeQ,, T)
Mpoc(Qp, Iy s)
Me(Qp, T )

Mi(Qp, T') = M(Q,T) @ Q,

M,(Q,T).

2.2 The U, operator

2.2.1 U, acting on classical modular forms

Let M(Q,, N, x) be the space of modular forms of level N, weight k£ and character x
over Q,. We could have taken any fixed finite extension K of Q, actually, or its ring of
integers B = Og. As in the previous section, when we just say level N here, we mean
level I'; (V). We might drop the Q, in the notation of M) when the base field (or base
ring) is obvious. Let Sk (N, x) be the subspace of My (N, x) consisting of cusp forms.

We have the following operators acting on the space of (classical) modular forms: the
Hecke operator T),, the Atkin operator U,, and the Frobenius operator V,

1y : Z ng" Z apng" + x(p) P Z ang™",
Up: D ang" = ) pnd", (2.10)
V :Zanq” — Z anq™".

The Hecke operator T, acts on modular forms of level N, for p /N. The Atkin operator
U, acts on modular forms of level N, for p|N. And lastly, the Frobenius operator V' takes
modular forms of level N to forms of level pN.

We can think of U, as collapsing the series or compressing it by removing a big portion
of its terms. On the other hand, V' can be seen as spacing out a series by adding many
zeroes between its terms. In other words, the operator U, can be viewed as increasing
the convergence of a series; whereas V' slows it down. This logic will be consistent with
the actions of U, and V on Mp°(N, x) as we will see next. We also notice that V' is a
right inverse for U, and that VU, (3, a,q") = me a,q". In particular, U, has no left
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inverse, or else this left inverse would also have to be V. So,

UV =1 =0 =VU)(f) =D aq" (2.11)

We call f! the p-depletion of f. Note that 1 — VU, is an idempotent operator and we
have the formula

Up(V(f)-9) = [ Uplg), (2.12)
which can be proven by looking at g-expansions. In particular, we see that U, is multi-

plicative when acting on the product of two forms where one of them is in the image of
the Frobenius map V.

We now discuss a common tool from linear algebra (particularly useful with infinite
dimensional spaces), namely the slope decomposition associated to a linear operator. We
are mainly interested in U, and will therefore introduce the notion of slope a subspace
for the U, operator.

The slope « subspace (whether it is for classical modular forms or for overconvergent
modular forms) is the generalized eigenspace of U, whose eigenvalues have p-adic valuation
a. In other words, it’s the space of forms f such that there is some integer r € N and
some A € Q, with valuation ord,(\) = a such that (U, — A\Id)"(f) = 0. The following is
an alternative definition from [Col97], relying on the concept of Newton polygons.

Definition 2.2.1. A modular form f is said to have slope o € Q if there is a polynomial
R(T) € C,[T] such that R(U,)f = 0 and such that the Newton polygon of R(T") has only
one side and its slope is —a. We define the slope a subspace as the space of modular
forms of slope .

In other words, a modular form f has slope a if R(U,)(f) = 0 for some polynomial
R(T) of the form R(T) = 1+ Y9 1. 7% such that there exists some N < deg(R) with
val,(r;) > —ia for all ¢ < N and val,(r;) = —ia for all i > N.

Example 1. If f is an eigenform of U, with eigenvalue ¢ of valuation val,(c) = «, then
fis in My(N)¥pe e Indeed, we can take R(T) := 1 — T'/c such that R(U,)(f) = 0 and
R(T) has Newton polygon consisting of just one line of slope —a.

The action of U, on My(N) gives a U,-equivariant decomposition of the space of
modular forms into subspaces of different slopes,

Mk(N) _ @ Mk(N)SlOpe o
a€QxoU{oo}

where M (N)s'°P¢ @ denotes the subspace of modular forms of slope a. Essentially,
My (N)slore @ is the generalized eigenspace of U, whose eigenvalues have p-adic valuation
a.

In the case a = 0, the modular forms of slope zero are said to be ordinary and we
denote this space by MP4(N). We now introduce Hida’s ordinary projection operator
(see Chapter 7.2 of [[id93| for more details). It is defined as

. |
Cord = lim U}’

and projects the entire space My(N) onto its subspace of ordinary forms M{™(N).
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2.2.2 U, acting on p-adic modular forms

Let now M ,f‘adiC(B , ') denote the space of p-adic modular forms of level N, weight k € Z
over the ring of integers B of some finite extension of Q,, as defined in Section 2.1.2 (see
also [Ser73]). As in the above, we might drop the B in the notation of M when the
base ring is obvious. This is an infinite dimensional space.

Since p-adic modular forms also have g-expansions just like classical modular forms,
we can let the operators T, U, and V' act on Mp°(N), using the same definitions as in
(2.10). There also exist definitions for 7}, U, and V where we view modular forms as
functions of elliptic curves with extra structure (test objects) rather than just letting 7),,
U, and V act on g-expansions. These definitions for 7,,, U, and V are good for certain
conceptual aspects. However, we will not see them here as we are mainly concerned with
computational applications.

We will see that the U, operator, when acting on M?*%(B, N), isn’t very interesting
and we will then restrict the domain of U, to the space of overconvergent modular forms
Me<(B, N).

Indeed, we first notice that given any f € M,f'adiC(B, N) = M,?adic(B, N; 1), we can
define a new modular form

0= = (1-VU)(f)

that lies in ker(U,). Moreover, given any fy € ker(U,) (which we just saw how to create
out of any f € MP*¥(B,N)) and any A\ € B with ord,(\) > 0, we can define a new
p-adic modular form

fa= fo + AV (fo) + NV2(fo) + V3 (fo) + ..
This p-adic modular form is well defined as the above series converges (because ord,(\) >

0). We thus get an eigenform f) for U, of eigenvalue A.

Therefore, we can conclude that ker(U,) = ker(U, — \) for all A in the maximal ideal
of B (i.e. such that ord,(\) > 0). Note as well that this construction ensures that f, fo, fi
have the same g-expansion outside of (p), i.e.

an(f) = an(fo) = an(f3)

whenever pjn.

2.2.3 U, acting on overconvergent modular forms

We now restrict our attention to the space Mp°(Q,, N) of overconvergent modular forms of
level N, weight k and character x over Q,, as defined in Section 2.1.2 (see also [[{at73]).
As in the above, we might drop the @, in the notation of Mp° when the base field is

obvious. This is an infinite dimensional space, but it is not as big as M}” 2die(Q,, N).

As we have seen above for p-adic modular forms, overconvergent modular forms also
have g-expansions, and we can let T,,, U, and V act on Mp°(N), using the same definitions
as in (2.10). We will see here the action of U, on MP°(N) will be much more interesting
than its action on M”*¢(N).
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First of all, note that U, doesn’t necessarily preserve the growth conditions of an
overconvergent modular form. However, if we restrict our attention to the case 0 <
ord,(r) < zﬁ’ then we have an inclusion

p-Uy: M(B,N;r) — M(B,N;rP),
f=p-Up(f),

as in Lemma 3.11.4 of [Kat73]. So U, (M°(B,N;r)) C %M,SC(B, N;rP). Combining this
with the fact that Mp°(B, N;r?) C Mp°(B, N;r) via the map in (2.4), we can view the

Atkin operator U, as an endomorphism of Mp*(K, N;r) when 0 < ordy(r) < F5. Of

course, U, can always be seen as an endomorphism of M} (B, N;1).

Note that we had to tensor M¢°(B, N;r) with K to get that U, can be viewed as an
endomorphism of Mp°(K, N;r). In addition, in this case, U, is a completely continuous
endomorphism. Hence, we can apply p-adic spectral theory, as in [Ser62]. We therefore
obtain that the Atkin operator U, will induce a decomposition (as in Section 2 of [Wan98]),
for all @ € Q>0 U {00}, on the space of overconvergent modular forms

M¢(K,N;r) = M(K, N;r)oPe e g X, (2.13)

where MP¢(K, N;7)s°Pe @ is the finite dimensional space of overconvergent modular forms
in Mp°(K, N;r) of slope a. If we further assume an infinite slope version of the spectral
expansion conjecture (cf. [GM95]), we would obtain

MF(K,Nir)= @ M(K, N;ry'oee, (2.14)

aGonU{OO}

for ord,(r) € (zﬁ’ zﬁ)’ where @ denotes the completed direct sum. Note that partial
results towards the spectral expansion conjecture have been obtained in [Loc(07] when
p = 2. Similarly to classical modular forms, the overconvergent modular forms of slope
zero are said to be ordinary and we denote this space by M, gc’ord(N ). Actually, Coleman’s
classicality theorem (cf. [Col95]) states that any ordinary overconvergent modular form
of weight k& > 2 can be seen as a classical modular form of weight & on I'y (V). Therefore,
when k > 2, we can simply denote the ordinary overconvergent modular by M(N)

instead of MY“*"Y(N).

Hida’s ordinary projection operator eq.q := lim U;}! also acts on p-adic modular forms
and in particular on overconvergent modular forms. Hida’s operator projects the entire
space M2°(N) onto its subspace of ordinary forms My (N).

Following Darmon and Rotger in [DR14] (see Lemma 2.17), we notice that a, (g x
(Vh)) = 0 whenever p|n. This gives the following lemma, which is also a direct conse-
quence of equations (2.11) and (2.12).

Lemma 2.2.2. If g and h are p-adic modular forms, then gl x (V'h) is in the kernel of
the U, operator, and in particular e,.q(g?' x (Vh)) = 0.

2.2.4 U, acting on nearly overconvergent modular forms

Consider now the space of nearly overconvergent modular forms. One can still define the
ordinary projection operator as €q;q := lim Up,n1, since this operator is actually defined for
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any p-adic modular form in general. It turns out that the ordinary projection of a nearly
overconvergent modular form only depends on its overconvergent part.

Theorem 2.2.3 (Lemma 2.7 in [DR14]). Let F' be a nearly overconvergent modular form,
then

eord(¢) = eordﬂ-oc(gb) .

Thus, taking ordinary projections of nearly overconvergent modular forms reduces to
taking ordinary projections of overconvergent modular forms.

As explained in Section 3.3.6 of [Urb14] (see also Appendix II of [A121] for Urban’s
erratum to [Urbl14]), the Atkin operator U, is also completely continuous when viewed
as an endomorphism of M°°(K,N;r;s), for 0 < ord,(r) < zﬁ' Hence, we obtain a
decomposition of M°°(K, N;r;s) similar to that of Equation (2.13). This means that
we may also similarly speak of slope a projections egope o(¢0) for nearly overconvergent

modular forms .

For our work, we are interested in computing ordinary projections of overconvergent
modular forms (Section 3.1.2). But we will also consider computing ordinary projections
of nearly overconvergent modular forms (Section 3.1.3).

One could also be interested in taking projection over different slope spaces. What we
will focus on in Section 3.2 however, is how to take a projection over the space generated
by a particular element f, in the space of forms of slope «, instead of projecting over the
entire space of slope «.

2.3 The Poincaré pairing

To a cuspidal modular form ¢ = ) a,(¢)g" of weight two and level N, one can associate
a differential wy € Hig(X1(N)) given by

Wy = ¢(q)% =) an(qﬁ)q”%- (2.15)

n

In general, given a modular form ¢ of weight r + 2 and level I';(N), one can associate
to it a differential w, € Fil'™ Hit (7 /C,), where £ is the universal generalized elliptic
curve fibered over X;(N), and £ is the Kuga-Sato variety as in [Sch90]. In such a case,
writing down a closed formula for wy is possible, but more tricky and less simple that the
formula wy =) an(gb)q”% obtained in the weight 2 case. Indeed, we would get

wo(q) =D an(@)q" Wiy (%) ,

- q

on the Tate curve T'(q) with canonical differential we,,. See Section 2.2 of [DR14] for
more details.

The ¢-isotypic component of Hi' (£7/C,), denoted Hii' (€7/C,)4 is two dimensional.
Assume now that ¢ is ordinary at p. This implies the existence of a one dimensional
subspace (the unit root subspace) on which the Frobenius endomorphism acts as multipli-
cation by a p-adic unit. We can then pick a unique element 75" in this unit root subspace

24



to extend {wy} to a basis {wg, g™} such that (wy, ni™) = 1, where (-, -) is the alternating
Poincaré duality pairing on Hit'(£7/C,). The basis {wy, 5"} will play an extremely im-
portant role in Section 4. We will now provide some more information about the Poincaré
pairing. The reader can consult Chapter 5 of [C0l95] for more on this pairing. We will
however follow the notation and conventions used in Section 2.1 of [DR14].

Let & be an arbitrary smooth proper curve over Spec(Z,) and let X be its generic
fibre. For a complete subfield K of C,, we write X for the base change of X to K. The
authors in loc. cit. construct open annuli Vi, ...,V and a region

w. = Aul v,
i=1

such that the de Rham cohomology H}i(Xx) can be identified with the space of classes
of rigid analytic forms on W. over K with vanishing annular residues.

Let us write Q'(W.) for the set of rigid differentials on W.. Given two cohomology
classes &1, & in Hig(Xk), let wy, ws € QY (W.) be respective representatives for them. Let
also Fosjl) be a local analytic primitive of w; on the annulus V;. The Poincaré pairing is
then given by

(€1,&) =) Resy, (FY - w,) (2.16)
j=1

where Resy, is the p-adic annular residue (cf. Chapter 7 of [Col94] and Lemma 2.1 of
[Col89)]).

In practice, the difficulty in computing a Poincaré pairing lies in finding appropriate
expansions for the terms appearing in Equation (2.16). We will discuss this in Chapter 6,
as well as a known method for computing Poincaré pairings, which only works in a very

limited number of cases. We will also explain how the work done in this thesis allows us
to compute more general instances of Poincaré pairings.
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Chapter 3
Explicit algorithmic methods

This chapter is one of the two main component of this thesis. In it we will introduce
new algorithmic methods that build upon the current known methods. We first start
by recalling the work of Lauder, in [Laul4], on ordinary projection of overconvergent
modular forms. We then explain how to generalize it to nearly overconvergent modular
forms. Finally, we explain how one can actually compute general projections (not just
ordinary projections). This will enable us to study more general theoretical objects in
Section 4.2.

3.1 Ordinary projections

3.1.1 Computing the Katz Basis and the U, operator

In this thesis, we are interested in computational applications. We would therefore like to
be able to write down g-expansions for our overconvergent modular forms. However, as
these g-expansions are simply power series in p-adic terms, we will have to approximate
our overconvergent modular forms as truncated power series (i.e. polynomials) modulo
p" by viewing them in Z[[q]]/(¢", p™) for some m € N and some h € N depending on N, k
and x. Once we know what level of precision we want to obtain after our calculations, we
can decide what level of precision we need to start with, as we know how much precision is
lost through the algorithms that we use. An alternative — more ad hoc — way to measure
the precision of our outputs (p-adic numbers) is to run our algorithm multiple times, to
different precisions, and see by what power of p they differ.

We will explain how to write the g-expansion of an overconvergent modular form
H € My“(Zy,N,x; ;%7) and write down a matrix representing U,. We follow [Lauld]
to do so. Assume Yy is trivial for simplicity. Our output will have level of precision
Z[[q]]/(p™, ¢"P)) for any desired m € N and where h(m,p) is defined in the following.
If we want our output to lie in Z[[¢]]/(p™, ¢""P)), we need to start with a greater level of
precision, because our method might cause a certain loss of precision. In [Laul4]|, we see

that we need to take n := Vp%)lmj and let h(m,p) := h'p, where h' is the Sturm bound
of Miynp—1)(IV).
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Let d; := dimg, Myyip—1)(Zyp, N) and m; := d; — d;—y = dimg, Aptip—1)(Zp, N). Let
also d := d,,. Pick a row-reduced basis {b;s : s = 1,...,m;} for each Apy;;p-1)(Zp, N) for
1=20,...,n. Compute

prilJ . bis X ’
€is = 1—7 mod (q p’pm )7
Ep—l
where m' := m + Lﬁ-‘ Let
={ejstis =4 ——— mo , i=1,.., | ————1|:;s=1,...m; p.
,8 11, E;_l q D p—1

We call Kb the Katz basis, it has d,, elements. To simplify notation, we shall write
Kb = {vy,...,v4, }.
1

Any overconvergent modular form of growth condition r := T when reduced mod-
ulo (qh/p , pm/), can be expressed as a linear combination of elements in Kb.

Now, we apply the Atkin operator U, to the Katz basis to obtain
ti,s = Up(ei,s) mod (th7pml)a

and write S := {t;s}. Let £ and T be the d x h' matrices formed by taking the elements
of Kb and S respectively and looking at the first A’ terms in their g-expansions. Using
linear algebra, compute the d x d matrix A’ such that T'= A’E. Then, A := A’ mod p™
is the representation of the operator U, in the Katz basis. We write A = [Up]kp.-

The advantage of this approach is that we only need to compute U, once on the Katz
basis and then we will be able to apply the Atkin operator as many times as we wish
without having to actually use its original definition. Given an overconvergent modular

form f of growth condition £~ we can express it as a sum
p+1’

’

f= Z%‘Uz‘ mod (qh/p,pm ). (3.1)

Write [flkp := (aq,...,aq) and compute A[f]|kp. Letting 7; denote the entries of A[f]kp,
we find

Up(f) =) vwvi mod (¢"7,p™).

Thus,
[Up(H)lxn = Alf Ik (3.2)

The proof of correctness of Equation (3.2) is quite subtle. Indeed, we are representing
the infinite matrix U, by a d x d truncation A of it. In general, there would be no reason
for this to hold. However, there are two results that allow us to justify this step. First of
all, Wan shows in [Wan98] that the entries of the matrix U, decay as we go down along
the columns. We thus obtain, in our setting, that the bottom part of U, (below the first
d entries) vanishes modulo p™. This result, on its own, is not enough to justify Equation
(3.2), as we still need to deal with the right portion of the matrix U,, and show that its
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entries also decay (and vanish modulo p™) as we go along the rows. In other words, we
are interested in the question mark “?” appearing in the equation

9
U, = [%‘T] mod p™.

We cannot actually show that the entries of U, decay as we go along the rows, which would
have been enough to justify Equation (3.2). Instead, we turn our attention the vector
[flkb- In general, when f is 1/(p+ 1)-overconvergent, we cannot do much. However, as is
explained in Section 2.2.2 of [Laul4] and the last paragraph of Section 3.2.1 in [Laull],
when f is p/(p + 1)-overconvergent, the coordinates of f, when represented as an infinite
vector in the infinite Katz Basis, vanish modulo p™, except for the first d entries. We

thus get, modulo p™,
{A?} [[f]Kb}_lA[f]Kb}
00 0o | 0 ’

which gives Equation (3.2).

Remark 6. Note that we let the overconvergent modular form f in Equation (3.1) have
growth rate # instead of just ﬁ. Although we can write a ﬁ—overconvergent modular
form ¢ in the Katz basis, and A = [U,]k, in the same basis, we cannot directly apply
A to [¢]kp, as we just explained in previous paragraph. Indeed, the coefficients in the
expansion of [¢]k, will not decay fast enough (p-adically) for our calculations to be

accurate. This issue is entirely avoided when ¢ is Iﬁ—overconvergent. Thus, when dealing

with a ﬁ—overconvergent form ¢, we have to compute U,(¢) directly (without using the

matrix representation A of U,) to obtain a ]ﬁ—overconvergent form, thus improving its

overconvergence and decay properties. After that, we may apply A to [U,(¢)]kp.

3.1.2 Ordinary projections of overconvergent modular forms

As we just saw, we can write a matrix A representing the operator U, in the Katz basis
Kb = {e; s }is modulo p™ and ¢" for some appropriately chosen m, h € N.

To compute the ordinary projections of overconvergent modular forms, we recall the
definition eqq := lim Upnr. So, having represented U, as a matrix A, we need to pick a big
enough R € N such that A represents eqq to our desired level of precision. We see from
Algorithm 2.1 in [Laul4] that we can take R := (p" —1)p™ and k is a positive integer such
that all the unit roots of the reverse characteristic polynomial of A lie in some extension
of Z, with residue class field of degree x over F,,.

So, given an overconvergent modular form f of growth condition #, written as

> a;v; modulo (¢",p"), we compute v := A®[f]k, and let v, denote the entries of 5.
Finally, we obtain

eord(f) = Zﬁ)/lvl mOd (th7pn)'
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3.1.3 Ordinary projections of nearly overconvergent modular
forms

For simplicity, let d denote the operator q%. So the d; operator from (2.9) becomes
0 =d+ kX. Let g,h be two classical modular forms of weights ¢, m respectively, and
let H := d=M*9(glP)) x h, for some integer ¢ with 0 < t < min{/,m} — 2. We wish to
compute

X = eora(H) = eon (d—<1+t> (g7) x h) .

The modular form d~**9(gl")) has weight £ —2(1+t), hence X has weight £ +m — 2t — 2.
The condition 0 < ¢ < min{¢,m} — 2 ensures that X',¢g and h are balanced, i.e. the
largest weight is strictly smaller than the sum of the other two. In other words, three
modular forms are balanced if their weights are the lengths of the sides of a triangle of
NoN-zero area.

If we had that t = £ — 2, the form H := d~4) (gl x h would have been overconver-
gent. This is because Theorem 2.1.9 still applies for negative powers of d, after depleting
the modular form to avoid dividing by p, i.e. we have a map

MYL, (B, T1(N)) — My, (B, T1(N))

grrd gl =>" —a”(g)qn7 (3:3)

n(l
pfn
for all @ > 1. But, in our case, H is not necessarily overconvergent and we cannot di-
rectly use the methods introduced in [Laul4| to compute the ordinary projection eq.q(H ).
However, H is nearly overconvergent (Proposition 2.9 in [DR14]) and Theorem 2.2.3 tells
us that

Cora(H) = €ona (Toe( H)) = €ona (e (47097 x ) ).

where 7. is the overconvergent projection operator. Since m..(H) is overconvergent,
by definition, we can follow the methods described in [Laul4] to compute its ordinary
projection, thus obtaining egq (moc(H)) = eoa(H). We therefore turn our attention to
computing 7..(H). Note that we are not actually interested in taking the overconver-
gent projection of any nearly overconvergent modular form; we are specifically computing

Toc (d*(”t) (gl x h). We therefore use a trick (see Theorem 3.1.1) that specifically ap-

plies to our setting, as was suggested to us by David Loeffler.

Set G := d'“¢l”! it is an overconvergent modular form of weight 2 — ¢, as in Equation
(33). Let n = ¢ —2—1t > 0 so that d"" gl = d"G and mo. (d7'"(g) x h) =
Toc((d"G) x h). Consider the Rankin-Cohen bracket [Coh75, Zag94]

G, 1], = ab%;bn(—nb(@ —0) o 1) (m e 1) (@) (k). (3.4)

Note that the individual terms in this sum are all p-adic modular forms of weight ¢ +
m — 2t — 2 that are not necessarily overconvergent. However, the entire sum [G, h],, is
overconvergent (see Theorem 3.1.1 below). It turns out that the Rankin-Cohen bracket
is closely related to the overconvergent projection operator.
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Theorem 3.1.1. Let ¢, po be overconvergent modular forms of weights k1 and ko re-
spectively, then, for all s > 0,

/£1+/€2+28—2
S

wb¢ﬂ¢:( )wm«f¢ox¢a.

This follows from Section 4.4 of [LSZ20] (see also Theorem 1 in [Lan08]). We thus
obtain the following Corollary.

Corollary 3.1.2. We can relate |G, hl,, and m,.((d"G) x h) as follows

—{+m+2n
n

.= ( Jl(@G) x 1),

Thus, we can simply compute [G, h],, using equation (3.4) to obtain m..(H ).

Remark 7. Note that we had to pass through G instead of using ¢ directly as we cannot
have the subscript s of the Rankin-Cohen bracket [-, -]s be negative. Moreover, since the
modular forms X', g, h are balanced, (_HZHZ") cannot be zero.

3.2 Eigenspace o projections

In the previous sections, we have seen how to compute ordinary projections, i.e. pro-
jections over the space of overconvergent modular forms of slope zero. We now consider
taking projections over the space of overconvergent modular forms of slope «, for any
a € Qsp, as defined in Section 2.2, via the slope decomposition in Equation (2.13).

We start by making this notion of projection clear. Recall the U, equivariant decom-
position of Mp¢(N) described in (2.13). For all @ € QU {o0}, it allows us to express any
form H as a sum H = F,, + F, where F, € M°(N)*°P¢@ and F € X,. We then call F,
the projection of H onto the space of slope «, or the slope a projection of H. Consider
now the eigenspace associated to a single eigenvalue o such that val,(c) = a. We will
explain how to project modular forms onto such an eigenspace. This method has been
used in [DI.21] and is based on an insight of David Loeffler (see the last paragraph of
Section 6.3 of [[.57Z20]). We call such a projection the eigenspace o projection. This can
be seen as a special case of the slope a projection, as these two notions would agree in
the case where U, only has one eigenvalue o of valuation a.

In order to compute a eigenspace o projection, we will use the following algebra trick
rather than doing it directly. To do so, we will use the Smith normal form (cf. [Smi61]).

Theorem 3.2.1 (Smith’s normal form). Fiz a principal ideal domain R and let M €
M, (R). Using elementary operations, one can transform M to a matriz D of the form

D = diag(ay, ..., as),

such that ay, ..., as are the invariant factors of M. We also have a;|as|...|as. In particular,
there are invertible matrices P, Q) such that QMP = D.

Remark 8. When we say elementary operations in Theorem 3.2.1, we mean the following
operations:
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(i) Exchanging 2 rows, or 2 columns.
(ii) Adding an FF[x]-multiple of a row to another row, and the same with columns.

(iii) Multiplying a row, or a column, by a unit of F[z] (i.e. a non-zero scalar in IF).

There are efficient computational ways to find the expression QM P = D described in
Theorem 3.2.1, and we can use MAGMA ([BCP97]) to do so in practice.

Recall that in Section 3.1.1 we found a matrix A representing the Atkin operator U,
acting on the Katz basis of MP°(Z,, N, x; ]ﬁ) Let o be a eigenvalue for U, and let
M = M, = A — old. We can put M, in Smith normal form D, where

D = diag (a1(0),...,as_1(0),as(0)), (3.5)

such that ay(0)|ax(0)|...las(c). Let P = P, and @ = @, be the matrices such that
QM,P = D. We now remark that as(o) should be zero, as ¢ is an eigenvalue for U,,.
However, recall that A is only an approximation for U,. More precisely (see Section
3.1.1), A € My, «q,(Z/p™Z) is equal to U, modulo p™. And so, as(c) will only be zero in
Z]p" L.

Moreover, the case as_1(0) = 0 happens precisely when o has multiplicity (as an
eigenvalue of U,) more than one. We will initially exclude this case for simplicity, but we
will address it later in Section 3.2.2. Indeed, in the case where ¢ has multiplicity more
than one, the eigenspace associated to ¢ also contains another eigenform (other than the
one we are projecting on) and the method we are presenting in Section 3.2.1 will not
work.

Assume henceforth that we are dealing with an eigenvalue o of multiplicity one. In
particular, the o-eigenspace is one-dimensional. This assumption will be crucial in Section
3.2.1.

3.2.1 The projector to f,

For the reminder of this section, we will assume the spectral expansion formula given by
Equation (2.14). The spectral expansion conjecture [GM95] is widely believed to be true
and has been proven in the case where p =2, N =1 and 5/12 < r < 7/12 (cf. [Loc07]).
Our algorithm for eigenspace o projections will thus work under the assumption that this
conjecture holds.

Let f, be an eigenform lying in the one-dimensional o-eigenspace. Let 7 := 7, denote
the last row of Q € My, xa,(Z/p"Z), i.e. m = Qiaq, for i = 1,....,d,. We call 7 the
projector to f,. The reason for this will become clear in the following. Recall from
Equation (3.5) that QM P = D = diag(a1(0), ..., as-1(0),0) and , , QuMuFP;; = Dyj,
where M := A—old. We will show that 7 is orthogonal to all modular forms of eigenvalue
not o.

Proposition 3.2.2. The projector ©, is orthogonal to all p/(p + 1)-overconvergent mod-

ular forms (written in the Katz basis) not in the o-eigenspace.

Proof. As we are working with p/(p + 1)-overconvergent modular forms, we will be able
to represent the action of U, on them by the matrix A given in Section 3.1.1. See, in
particular, the final paragraph of that section for more details on representing U, by A.
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We start with the simplest case. Let fs be an eigenform of U, with eigenvalue s, such

that s # 0. Then, M|[fs]xp = (A — old)[fs]xkp = (s — 0)[fs]kp. Hence,

Qs — o) fslkn = QM| fsJkp = DP ™[ fJxo. (3.6)
Since 7 is the last row of ) and the last row of D is completely zero, Equation (3.6) gives
(s = o) fslky = 7(s — 0)[fs]kn = 0. (3.7)

As s # o, we must have 7[fs]x, = 0, up to a certain level of precision, as is explained in
Remark 9. This shows that any eigenform of U, with eigenvalue of different norm than
the norm of o, is orthogonal to 7.

Let now F§ be a generalized eigenform for the eigenvalue s, again with s # o. There
exists some minimal integer r € N such that (A — sId)"[Fi]k, = 0. Let M := A — sld,
so that M![F]k, = 0, and write

Oy S () 0w + (-

MTZE (T) Y MY F

=

Therefore, (M — M,)" [Fy|x, = MC|[F]xp,, where C' := >0 (7)(=1)'M"~ ' M?. Now,
(M — M,)" = (s — 0)"Id, hence

(s —0)" - QEJxn = Q (M — M,)" [FiJxy = QMC[F ], = DP™'C[Fyx (3.8)
And as above, Equation (3.8) gives
(s — o) 'm[Fskn = 0. (3.9)

Finally, since s # o, we have m[F;]k, = 0, up to a certain level of precision (see Remark
9). That is, # must be orthogonal to all overconvergent modular forms not in the o-
eigenspace. [

Remark 9. It is crucial in Equations (3.7) and (3.9) that we are working over Z, in order
to conclude that 7[f,|kp and 7[F]k, are zero. However, in practice, we are working
over Z/p™Z for some m € Z. So Equation (3.9) actually becomes p™|(s — o) [ fs|kb,
which does not necessarily imply that p™|r[fs]kp. Therefore, there is a loss of precision
of r-val,(s — o). This loss of precision can be bounded above by looking at the largest
non-zero entry of D, since val,(s —o) < max; val,(D; ;). To see this, using Equation (3.6),
write

(s — o) 1ow;(Q) - [fsJkb = Dy row;(P™Y) - [fslkw

We now explain how to compute the projection eeigenspace o(H) 0of an overconvergent
modular form H in MP*(Z,, N, x; #) over the o-eigenspace. First, we know that

H=pf,+Y F, (3.10)

s#o

for some constant p, since we are assuming that the o-eigenspace is one dimensional.
This gives us 7 - [H] = p(7 - [f,]). This is why we call 7 the projector to f,. Now, since
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7 is non trivial, it cannot be orthogonal to all modular forms, so 7 - [f,] cannot also be
zero. We hence deduce the following formula for the projection of H over f,:

A, (H) :=p (3.11)
More formally, the projection operator Ay over f, is the unique Hecke-equivariant linear
functional that factors through the Hecke eigenspace associated to f, and is normalized
to send f, to 1, as in Definition 2.7 of [Loc18]| (see also Section 9.2 of [LZ16]). This gives
us an associated idempotent operator ey (-) := Ay, () f,. Since we are assuming that the
o-eigenspace is one dimensional, we have €eigenspace o (H) = €y, (H).

As explained in Remark 6, this holds under the assumption that H has growth con-
dition #. In the case where H has growth condition ]ﬁ, we need to use a similar
trick to that of Remark 6. We first apply the Atkin operator to H to obtain a modular
form U, (H) of growth rate -%5. Then, we follow the algorithm described above as usual.
However, we need to adjust our final output by dividing by ¢ to compensate for the fact

that we took U,(H) instead of H.
Indeed, write H as a sum H = pf, + > _,, F;, as in Equation (3.10). Then,

Up(H) = p Up(fs) + Z Up(F)
s#o

= po fo + Z Up(F5).
s#o

Since the action of U, preserves the eigenspaces of Mp(N), we get that 7 [U,(Fs)|k, = 0
for s # o, so m- [U,(H)|kw = po 7 - [fs|kb. Finally,

A (Up(H)) = po =0 A, (H).

We thus obtain

A, (H) = (3.12)

3.2.2 The case of multiplicity greater than 1

In the case where the eigenvalue o has multiplicity r greater than one, the eigenspace
associated to o will contain eigenforms other than the one we are projecting on. The
method we are presenting here will thus not work because the projector €gigenspace » OVer
o-eigenspace is not equal to ey, anymore. In this case, one needs to use the last r rows
of () and the other Hecke operators in order to find a system of equations to solve and
obtain Ay, (H).

As a simple example, assume that we already have a basis for the o-eigenspace con-
sisting of normalized Hecke eigenforms {fi,...,f.}, with f; = f,. We then express the
eigenspace o projection of H as a linear combination ) ; a;fj. Using the last r rows
71, ..., T of @, we obtain a system of equations m; - [H| = Zj a; m;-[f;]. This can easily be
solved in order to find a; = Ay, (H). The author has not yet implemented this method.
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3.2.3 Stabilizations of Hecke eigenforms

We end Section 3.2, which mainly discusses the issue of eigenspace o projections, by
explaining how one can construct a modular form f, of eigenvalue o and slope val,(o),
for certain values of . This method will be quite useful later on in this thesis for two
reasons. Firstly, it will reappear in the definition of the p-adic Garrett-Rankin triple
product L-function (in Section 4.1). Secondly, it will give us modular forms of eigenvalue
o with which we will be able to test our eigenspace o projections algorithms.

Let p / N. Consider an overconvergent modular form f = > a,q" of weight k and
level N. Assume that f is an eigenform for the operator 7},

Tpf = apf' (313)

We can then define two new eigenforms f, and f3 as follows. Let a, 8 be the roots of the
Hecke polynomial
2% — a,r + p"x(p). (3.14)

Assume that the modular form f is regular at p, i.e. that o and § are different. We
sometimes denote a and 3 by oy, and B3¢, to emphasize the dependence on f and p.
Assume as well that f is ordinary at p, i.e. that one of the roots of z* — a,z +p* ' x(p) is
a p-adic unit (i.e. has valuation zero). Say without loss of generality that val,(ay,) = 0.
Define the following two modular forms:

falq) == f(q) — Bf(d");

fa(q) := f(q) — af(q’).

We call f, and f3 the p-stabilizations of f. They both have level p/N. Since we assumed
that as,, is a unit, it is customary to call f,(¢q) := f(q)—pBf(q?) the ordinary p-stabilization
of f. Using equation (3.13) and the fact that V' = Frob, is a right inverse of U, we write

Up(f&) = Up(f) - B(Upv)f
=a,f —x()p" V- Bf
=(a+B)f —apVf—pBf
= af,.

Similarly, "
Up fﬂ = Bfﬁ

Hence, f, (respectively, fz) is an eigenvalues of U, with eigenvalue « (respectively, /).

In the rest of this thesis, we will be interested in taking the form H := d~F9 (glP)) x p
(see Section 3.1.3) and compute its projection over the eigenspaces generated by f, and
fs. We will do so using the methods described in this section. The following section
introduces the theoretical setting that motived us to work on eigenspace o projections of
p-adic modular forms.
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Chapter 4

A p-adic symbol for triples of
modular forms

This chapter is the second main component of this thesis. In it we introduce a new p-adic
symbol for triples of modular forms. This new theoretical object is interesting in its own
right, as it is related to a known triple product p-adic L-function, in addition to enjoy-
ing nice symmetry properties. Moreover, our new p-adic symbol will give us the perfect
examples to use the new algorithms described in Chapter 3.

In Section 3.1.3, we described how to compute the ordinary projection of the nearly
overconvergent modular form

H = d~ U (glPhy 5 p,

where g, h are two classical modular forms of weights ¢, m respectively. In [DR14], the
authors consider the same H, but require that ¢t = ¢ + m — 2 to ensure that H is
overconvergent. We will work in greater generality here and allow 0 < m < min{k, (} —2.
The p-adic modular form H will still be nearly overconvergent. The reason why we wanted
to compute this H specifically is that it appears in the expression of the Garrett-Rankin
triple product p-adic L-function .Z,(f, g, h)(k,¢,m), in Definition 4.1.1.

4.1 The Garrett-Rankin triple product p-adic
L-function

Let f, g, h be three cuspidal eigenforms of level N, respective weights k, £, m and respective
characters xr, x4, Xn- Fix a prime p > 5 and assume that p fN, that xsx,x, = 1 and
that the weights k, ¢, m are balanced, i.e. the largest one is strictly smaller than the
sum of the other two. Note that the assumption that p > 5 is purely for simplicity and
could potentially be relaxed at the cost of some extra care. Let ay, B¢ be the roots of
the Hecke polynomial (3.14) associated to f. Assume that the modular forms f, g and
h are ordinary and regular at p, so that ay,, g, and ap), are units. Consider the the
p-stabilizations f, and fg of f. They both have level pN, and are eigenforms for the U,
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operator with respective eigenvalues oy and 3. Let

t:wzo, C::w-

We may now define the Euler factors:

E(f,9.h) = (1= Bragaup™)(1 = BragBup™) (1 — BrByanp™) (1 — BBy Srp™°);

g(fa g, h) = (1 - afagahpic)(l - afagﬁhpic)(l - afﬁgahpic)(l - O‘fﬁgﬁhpic);
Eo(f)=1=8; '™ &) =1-akx; ('™
E(f) =1=8ix; ()™ Ei(f) =1—afx; (pp*.

Following Section 2.6 of [DR14], let I" := 1 +pNZ,, and let A := O[[I']] be the completed
group ring of I'. Let also A’ := Frac(A). Let f, g, h be Hida families, with coefficients
in finite flat extensions Ay, Ay, Ay of A, interpolating f, g and h at the weights %, ¢ and
m. The existence of such families is guaranteed by Hida’s construction in [Hid86]. Let
f*=f® X]TI, and note that for classical points z (in Z) we have (f*), = (f»)". We write
k(z) for the weight of f,.

(4.1)

Given an ordinary eigenform F' and an ordinary overconvergent modular form G (for
example e,q(d™' (g, P)) x h.) from (4.2)), we introduce the operator c(F, G). It denotes
the coefficient of F' appearing in the expression of G as a linear combination of ordinary
(normalized) eigenforms (see [Hid93], p. 222).

Remark 10. In order to define the pairing ¢(F, ), we are assuming here that the action
of the Hecke algebra on the ordinary subspace in weight k is semi-simple (see assumption
(S3) on p. 222 in [Hid93]). This is the case for N square-free, since k > 2, as is described
in [Lauld].

Definition 4.1.1 (Lemma 2.19, [DR14]). The Garrett-Rankin triple product p-adic L-
function attached to the triple (f, g, h) of A-adic modular forms is the unique .Z,(f, g, h)
in A ®a (Ay ® Ap, ® A) such that at classical balanced points (z,y, z) we have

Z,(f,g.h)(x,y,2) :=c (f;(p),eord(d_l_t(gy[p]) X hz)) , (4.2)

where t := ”(y)Jr“(Z;_“(x)_z, fr=fa® X;l is the dual of f, and f;® is the ordinary
p-stabilization of fr. We write

Z,(f,g,h) =c (f*, eord(d'g[p] X h))

for notational brevity.

Remark 11. The Garrett-Rankin triple product p-adic L-function inherits its name from
the classical Garrett-Rankin triple product L-function (cf. [Gar87, PSR&7]), as Darmon
and Rotger have shown that the former interpolates certain values related the latter (see
Remark 4.8 in [DR14]).

Note that in [DR14], the authors use the notation ‘iﬂpf (f,g,h). And when one wishes
to project on the g component instead of the f component, they introduced the notation
ZI(f, g, h) = ZJ(g,h,f). We use here the more compact notation .Z,(f, g, h). And for
the projection on the g component, we simply write .Z,(g, h,f). Thus we always project
on the first component appearing amongst the three used ones.

Moreover, we use f* instead of f in Definition 4.1.1. This is because eqq(d°g”! x h)
has character x,x, = XJTI, hence the need to project over f* :=f ® X;I and not f.

36



Given a cuspidal newform ¢, let A\, be the projection operator over ¢; it is the unique
Hecke-equivariant linear functional that factors through the Hecke eigenspace associated
to ¢ and is normalized to send ¢ to 1, as in Definition 2.7 of [Loel8]. This allows
to express the Garrett-Rankin triple product p-adic L-function .Z,(f, g, h) at classical
balanced points (z,y, z) as

Z(f,8,h)(z,y,2) == Aps (d’l’tg[yp] X h,), (4.3)

where fr , := (fs)a is the ordinary p-stabilization of the dual of f,.

In order to experimentally compute the values of .Z,(f, g, h)(z,y, z), Equation (4.2)
reveals that the main ingredient is the computation of ordinary projections of p-adic
modular forms. In [Laul4], parts of which have been summarized here in Section 3.1.2,
the author explains how to calculate the ordinary projections of overconvergent modular
forms, and is thus able to compute special values of the Garrett-Rankin triple product
p-adic L-function, for balanced weights (k, ¢, m) satisfying £ = 2 + m — £. Indeed, this
condition guarantees that d='~*(g,P!) x h,, will be overconvergent, thus the code and the
theory in [Laul4] are enough.

In general, however, when the weights (k, ¢, m) are only balanced, d~'"*(g,/P)) x h, is
only nearly overconvergent. We therefore need to use the generalizations we introduced in
Section 3.1.3 in order to compute ordinary projections of nearly overconvergent modular
forms, thus being able to compute the Garrett-Rankin triple product p-adic L-function
for any balanced classical weights.

In Section 3 of [DR14], the authors construct a generalized Gross-Kudla-Schoen diag-
onal cycle A := Ay for a triple of balanced classical weights (k, ¢, m). More precisely,
this cycle is an element of the Chow group CH" (W), where W := £F=2 x /72 x £m—2
and r := (k+ ¢+ m)/2—3 (cf. Chapter 1 in [Full3] for more on Chow groups). One can
check from Definition 3.3 of [DR14] that Ay, indeed has codimension r + 2. Let

AJ, : CH(W)y — Fil"PPHARP (W)Y, (4.4)

be the p-adic Abel-Jacobi map (cf. Section (1.2) of [Nek0O] or [BesO0]). Darmon and
Rotger then show, in Theorem 3.14 of [DR14], that

t gl(f) ur g—1—t [p]
“t!—g(ﬂ% A (", d= """ g x h), (4.5)

where ¢ ;= 2mk=2 Ty Equation (4.5), w, € Hiz'(E72/C,)y and wy, € HYy H(E™2/Cy)p
denote the differentials associated to the forms g and h respectively, that we introduced

u-r

at the start of Section 2.3. Furthermore, 13" will denote the element lying in the unit

AJp(A) (" @ wy @ wp) = (=1)

root space of Hiz'(£¥72/C,)+ such that {(wy, ny*) = 1 (see the discussion in Section 2.3),
where wy € HEZ'(£F72/C,) - is the differential associated to f*. Note that although our
notation for w, and wy, is the same as the one introduced at the start of Section 2.3, our
notation for wy and 73™ is not. Indeed, the roles of f and f* have been switched in wy
and 77™; but g and h are still the same and have not been replaced by their duals in
wgy and wy. This choice is necessary, as explained in the second part of Remark 11, and
is consistent with the notation used in [DR14]. Finally, given the cohomology classes
Nyt e Hig'(E¥2), wy € Hip'(E77%) and wy, € HiZ'(€m72), we can view the product
N ® wy ® wy in Equation (4.5) as an element of H3R (W) thanks to the Kiinneth
decomposition (cf. [Kiin23, Kiin24|).
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We now, as in Theorem 5.1 of [DR14], provide an alternative way to express the
Garrett-Rankin triple product p-adic L-function by relating it to the generalized Gross-
Kudla-Schoen diagonal cycle as follows.

Proposition 4.1.2. We have

S(f)af)

AT (D) (T @ wy ®@ wy) = (—1)" E(f,9,h)

Ap= (A7 gl x ).

Proof. By Theorem 3.14 in [DR14], we have

v (EDHE(S)
T E(f.g.h)

Note that we write (n}", #) here to mean (7}, ws) by abuse of notation. We observe that

AJp(A) (77}” ® wy ® wp) = <77 €f*70rd(d_1_tg[p] X h)> )

the f*-isotypic component of eoa(d=2"tglPl x h) is As(d71tglPl x h) £, because we can
express eqq(d 1gP! x h) as

Ap: (A7 7"glPl x R) f2 + (terms attached to other ordinary forms).

Therefore,

t+1 51 —1—t u-r ok
AMMM?®%®%F44Vﬂa%§ﬂmw gP ) (", £2)

Next, f* = & (f)eaa(f*) by applying the proof of Lemma 4.2.1 to f* instead of f, thus
by Proposition 2.11 in [DR14],

<77}H7 f;> = &(f) <77}H, eord(f*)> =&(f) <77}Ha f*> = —&(f),

as <77;‘r, f*> =— < fr, 'r]}l‘r> = —1 by definition of n}™. We finally obtain

&(fES)

AT(A) (N} @ wy ® wy) = (—1)"! £(f.q.h)

Ap= (71l x ).
O

Equation (4.3) together with Proposition 4.1.2 give the following alternative expres-
sion for the Garrett-Rankin triple product p-adic L-function.

Corollary 4.1.3. The Garrett-Rankin triple product p-adic L-function can be written, at
classical balanced points (k,¢,m), as

(=1)" &(f,9.h)

Z(f, g h)(k, 6,m) = —; E(NES)

AJp(A)(nF" @ wy ® wh), (4.6)

Equation (4.2), or equivalently Equation (4.3), provides us with an elegant and com-
pact way to express the Garrett-Rankin p-adic L-function at classical balanced points.
Equation (4.6) on the other hand connects it to the Abel Jacobi map and provides us with
the right insight in order to define a new, more natural, version of the Garrett-Rankin
triple product p-adic L-function, which we expect to have nice symmetry properties.
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4.2 A new p-adic triple symbol (f,g,h),

We continue working in the same setup as the previous section. The differentials w, €
HZ'(E72/C,), and wy, € HIH(EM2/C,), are the basis elements that we introduced at
the start of Section 2.3. Similarly to Section 4.1, w; will denote the differential associated
to f*, and not f. This choice is necessary, as explained in the second part of Remark 11.

Our goal is to define a new quantity involving AJ,(A)(ws ® wy, ® wy,) instead of
AJp(A) (1} ® wy ® wy), and we believe that this alternative should have nice symmetry
properties. We investigate such properties further in the remaining sections.

When computing AJ,(A)(n}®w,®wy,), we only need to consider ordinary projections,
i.e. projections on the slope 0 subspace, as in [DR14]| and [Laul4]. In the case of
AJ,(A)(wr ® wy ® wy) however, as we will see in Lemma 4.2.2, we need to compute
projections on the slope k£ —1 subspace as well. More specifically, we will need to compute
two eigenspace projections for certain prescribed eigenvalues, as is explained below. This
can efficiently be done using the algorithm described in Section 3.2.

Before defining a new p-adic triple symbol, we first provide a way to express AJ,(A)(wy
®uw, @wy,) in terms of projections onto isotypic spaces, similarly to Proposition 4.1.2. Let

Crona = Mgy (7P X h) 5 Lpgng = Ay (moe (7171 (g%) x 1)) . (4.7)

Note that including m,. before A« in (4.7) would be redundant, by Theorem 2.2.3. We
have the following first attempt at making the quantity AJ,(A)(wf ® w, ® wy,) a little
more tractable.

Lemma 4.2.1. Let f be a classical eigenform of weight k that is ordinary at p with
val,(a,) = 0. Then, we have €uq(f) = #(f)fa and €gope k-1(f) = %fﬁ

Proof. We have by definition f,(q) := f(¢) — 5f(¢?) and fz(q) = f(q) — af(¢”). So,
afe —af = Bfs — Bf. Hence, af, — 5fs = (o« — B)f. Thus, using the notation from
(4.1), we have

afe 1 _ Bl 1
- Oé—ﬁ - go(f)faa eslopekfl(f)_ - 3 fﬁ

6ord(f)

[]

Lemma 4.2.1 shows that in order for us to compute slope 0 and k — 1 projections of f,
we only need to compute eigenspace o and (3 projections of f, respectively. This explains
why we only turned our attention to eigenspace projections in Section 3.2.

Lemma 4.2.2. Let t := 972522 We may rewrite AJ,(A)(wy ® wy @ wy) as

(NS

Eo(f)E(f) 2)
E(f.9:1)

(=1 <—€fgh,a (wrs ora( 7)) +

g(f7 g, h) gfgh,ﬂ <wf7 €slope kl(f*>>> .

Proof. Note that f* is orthogonal to the kernel of e+, so (f*,¢) = (f* esp(¢)) only
depends on the projection eg«(¢) of ¢, for any modular form ¢. Adapting this to our
notation, we obtain (wr, ) = (wyr,ep(¢)), as wy, here, is the differential attached to

39



f*. Furthermore, es(¢) only depends on the overconvergent projection of ¢. Indeed,
¢ — Toc(¢) is purely nearly overconvergent (i.e. it has no overconvergent part) and will
not lie in the f*-isotypic space, as f* is overconvergent. Lemma 4.2.1 tells us that
f has only two slope components: an ordinary one and one of slope £ — 1. Namely,
f= m fat+ % fs, and thus to project over the f*-isotypic space, one needs to project
over the components f; and f3. Adapting the proof of Proposition 4.1.2 for the case of
AJ(A)(wf ® wy; @ wy,), and using the notation &(wy,wy) from [DR14] (see Equation (72)
on p. 30), we write

AJ(A)(wr @ wg @ wp) = (wy, E(wg, wh))
= (wy, e ord(§(wg, Wn)) + €f= stope k—1(&(wg, wn)))

= <wf,—(_1<)tt!gl(f)€f*70rd(d_l_tg[p] % h)>

E(fr9,h)
+ <Wf’ —meﬁ,mm et (oe(d ™19 h))>
9 1yt D @t ) o, 1)
- <—1>ft!%xf; (woc(d—l—tg“’] X h)) (wy, f3) (4.8)
= (1)t A (g s () (o)
- <—1>ft!~(‘c§j’g’))m (Focld ™"  )) Ea() (1. €sope 5a ()
=—(- 1)%,522 ’)g’( ))ﬁfgh,a (Wi eora(f*))
(- >ft"":“8? YLD 05 ot ()
Thus,
AT (A) (wr @ wy @ wp) = (1) (5 (fbjg)gfgh,a (wy, €ora(f*))
+ % tahs (W €stope k-1 (f*)) > ,
as required. ]

At this point, we remark that the quantity obtained in Lemma 4.2.2 doesn’t seem to
be easily computable in any obvious way; in particular, we aren’t sure how to directly
compute (wy, eora(f)) and (wy, esiope k—1(f)). To get around this issue, we go back to step
(%) in Equation (4.8), From there, we go in a different direction, to find an alternative
expressions for AJ,(A)(wy @ wy ® wy,).

Theorem 4.2.3. Let t := W We have

, ¢ :
AT (B) s © w0y © ) = (-1 20 ( S B L+ 5 a ﬁfgh,ﬂ> .
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Proof. First, note that the action of Frobenius on wy is given by ¢(wys) = wy . Indeed,
when f has weight 2, this can bee seen by directly computing the action of Frobenius
on g-expansions and using Equation (2.15). For higher weights, this is explained in the
proof of Lemma 2.10 in [DR14]. Now, as (wy, f*) = (wy,ws) = 0, we can write

(Wi, fa) = wp, [ = BV )
= {wy, [*) = B {wy, V)
= —B (ws,wy )

=}§MW¢WM-

Similarly, (wy, f3) = — 555 (wy, (wy)). Substituting this into step (x) of Equation (4.8),
we obtain
A%@mw®%®%w>+4ﬂﬁ%@aamwhn
- (—1)%!% Crons (Wi f5)
= () g D S g, 0
- S ey ol

which we rewrite as

; & £
AT, (A)(wy ®w, ©wy) = (—1)tt!<“’fpf(j“’f ) ( - (;}gf, )h) Br+ Ligha+ g(fl(gf)h) a- zfgh,ﬁ) .

]

We can compute all the terms appearing in the last line of (4.5). Indeed, the calcula-
tion of £,(f), E(f,g,h), E1(f),E(f, g, h) is a straightforward application of a formula. The
constants oy, By are directly obtained by factoring the quadratic Hecke polynomial (3.14).
We can compute g5 0, £rgns by using the method described in Section 3.2. Finally, we
can compute the period (wy, ¢(wy)) by using Kedlaya’s algorithm (cf. [Ked01]), in the
case where f has weight 2. In the other cases, we find work arounds.

We are now ready to write down our p-adic symbol for triples of modular forms.
Initially, one would think to mimic the definition of Z,(f, g, h) but replace n}™ by wy,
thus obtaining the following contender

(“1)' £(f,9.h)
RN TIATI N

for the definition of (f,g,h),. However, experimental evidence, which we will present
in Chapter 5, shows that AJ,(A)(w; ® w, ® wy,) seems to already be symmetric (when
cyclically permuting f, g, h). Therefore, adding the factor ( J{)g ’80) to AJ,(A)(wr@w,@ws,)
would ruin the symmetry. Note that AJ,(A)(w; ® w, ® wy,) already has correction factors

in it, as we can see in Theorem 4.2.3.

p(B)(wr @ wy @ wy), (4.9)
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Definition 4.2.4. Let f, g and h be three cuspidal modular forms of level N and weight
k,¢ and m (respectively) which are ordinary at p. We define the p-adic triple symbol

(fvga h)p by

(f,9,h)p = (=1)'t!

(wr, ¢wp)) [ &) &(f)
P <6<f,g,h> e e g gfghﬂ)‘ )

In Definition 4.2.4, we do not actually need g and h to be cuspidal nor ordinary at
p, as Equation (4.10) is still defined when only f is. However, as we are interested in
permuting the order of f, g and h, we often require them all to be cuspidal and ordinary
at p. Thanks to Theorem 4.2.3, we may reformulate (f, g, h), as follows.

Corollary 4.2.5. We can express the p-adic triple symbol (f, g, h), as

(f, g, h)p = AJp(Ak,Z,m>(wf & Wy X Wh). (411)

The right hand side of Equation (4.11) appears to be symmetric in the variables f, g, h,
and thus suggests that (f, g, h), is symmetric.

4.3 Symmetry properties of (f,g,h),

There are two types of symmetry that can be considered for (f, g, h),. The first, and the
easiest to prove, is the one between the second and third variables of (f, *, x), when we fix
f. The second kind is the one between all three variable of (f, g, h), (or equivalently the
one between the first and second variables). That symmetry is more interesting, involves
deeper mathematics.

4.3.1 Partial symmetry for (f,x,x),

We will explain how we were lead to proving such a symmetry result by describing the
path the author took to finally obtain the desired proof, starting with the experimental
computations. We will therefore emphasize the close connection between computational
number theory and the theory — especially since we have gone through the trouble of
developing robust algorithms in Chapter 3 for computing projections of p-adic modulars
forms, therefore allowing us to compute (f, g, h),.

4.3.1.1 Computational evidence

Our experiments have shown that in some cases (f,g,h), = (f,h,g),; while in some
other cases (f,g,h), = —(f, h,g),. We will present here some of the experimental results
we obtained, and summarize the whole of the data in a table further below. In what
follows, we will only present values of (f,g,h), but not explain how the computations
are performed, as this would makes this subsection quite longer, and distract us from
the task at hand (understanding the behaviour of (f,*,x),). We will present multiple
detailed examples of the calculation of (f, g, h), in Chapter 5.
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When comparing (f,g,h), and (f,h,g),, we do not have to actually compute all
the terms appearing the expansions. Indeed, looking at Equation (4.10), we see that
Q= (wy, ¢(wys)) appears in both (f,g,h), and (f,h,g),. So we can only consider
(f,g,h),/ and (f, h,g),/Qr, when studying the symmetry of (f,*,%),. This has the
advantage of avoiding the Poincaré pairing (wy, ¢(wy)), which is quite mysterious and not
computable for weights greater than 2.

Weight (4,6,6): Let fi, fo, € Sge¥(10,Q) and f € S}*¥(10,Q) be the modular forms
with MAGMA labels "GON10k6A","GON10k6B" and "GON10k4A"  respectively. Then,

(fi, f, fa)u1 /2y, = —11574471190059869210906134237854826 - 11 mod 11*
(f1, f2, £)1n/Qp = 4740719931348921631946347271949109 - 11 mod 113,

And we can check that (f1, f, f2)11/, = (f1, fas [)11/Qp, mod 1132, making (f1, *, *)11

symmetric.

Welght (47678): Let f S Sfllew(157@>7 ¥1, P2 € Sgew(15’@> and wlva € S§6W<157Q)
be the modular forms corresponding to the MAGMA labels "GON15k4B","GON15k6A",
"GON10k6B","GON15k8A" and "GON15k8B", respectively. Then,

(f, 01, %1)7/8; = 66366808153059798687154312213084012 - 7° mod 7%
(f, 01, 01)7/Q; = —66366808153059798687154312213084012 - 7° mod 7*°
(f, a2, 12)7 /2y = T6643127027588438795543607432085940 - 7> mod 7*°
(f, o, p2)7/Q; = —T76643127027588438795543607432085940 - 7° mod 7*°.

And we can clearly see that (f, %, *); is anti-symmetric.

Weight (4,8,8):  Let fi, f2, f3 € S§°V(26, Q) be the modular forms with MAGMA labels
"GON26k8A", "GON26k8B" and "GON26k8C", respectively. Let also f,g € S}V(26,Q)
be the modular forms with MAGMA labels "GON26k4A" and "GON26k4B", respectively.
Then,

(f, f1, f3)11/9 = 95471053234170748495487338893497 - 11° mod 117
(f, f3, fi)11 /82 = 95471053234170748495487338893497 - 11° mod 11°7
(9, f1, f3)11/€y = 55763306102626444133044720757319 - 11° mod 11°°
(g, f3, f1)11/8, = 55763306102626444133044720757319 - 11° mod 11%°.

Weight (8,8,8): Again, let f1, fa, f3 € S§°V(26, Q) be the modular forms with MAGMA
labels "GON26k8A", "GON26k8B" and "GON26k8C", respectively. Then,

(f1, fo, f3)11 /0y, = —416565804121971142106192086226 - 11° mod 11
(f1, f3, fo)11 /2y, = —416565804121971142106192086226 - 11° mod 11
(f1, fo, f3)17/Sy, = —105741928641296179447241796669245184 - 11> mod 117!
(f1, f3, fa)17/p, = —105741928641296179447241796669245184 - 11> mod 11°".
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Let g1,92 € S§V(14,Q) be the modular forms with MAGMA labels "GON14k8A" and
"GON14k8B", respectively. Then,

(91,91, 92)11/8y, = 734883105249980562570929993960 - 11* mod 11**
(91, 92, 91)11 /€Yy, = 734883105249980562570929993960 - 11° mod 11
(91,91, 92)13/8Yy, = —83810731204340340790430184725378 - 13* mod 13**
(91, 92, 91)13/y, = —83810731204340340790430184725378 - 13* mod 13*°.

The above examples seems to suggest that the symmetry behaviour depends on the
weights of f, g, h. If we denote these weights by k, £ and m respectively, we might hazard
the guess that there is some quantity ¢ = q(k, ¢, m) € N such that

(f:9,0)p = (=1)"(f, h, 9)y-

Upon further reflection, we notice that, in [DR14], it is explained that the quantity
Cigho (thus Z,(f, g, h)) is anti-symmetric when the weights are (2,2,2). We thus are
lead to believe, since (f, g, h), is a linear combination of ¢y, , and (;, 5, that both gy, o
and (., 5 satisfy symmetry properties, not just (f,g,h),. Going back to all the above
examples, and computing {gp, o and £, g, confirms this. Below are some examples with

Efgh,a and gfgh,ﬁ‘

Weight (4,6,6): Let fi, fo, € Sge¥(10,Q) and f € S}*¥(10,Q) be the modular forms
with MAGMA labels "GON10k6A","GON10k6B" and "GON10k4A"  respectively. Then,

Ut = —26386965220349884527318241946803914432474 mod 114
Cppapa = —26386965220349884527318241946803914432474 mod 11
Cppps = —T5574125935415170464593652374311392122346 mod 11%°
Cppaps = —15338649341563693663055559656025430884525 mod 114,

We can clearly see that £, ¢, 0 = {4, 5.0 mod 114

eflfoﬁ mod 1131.

and we can easily check that ¢y s, 53 =

Weight (4,6,8): Let f € S;(15,Q), w2 € S§¥(15,Q) and 1, € SF¥(15,Q) be the
modular forms with MAGMA labels "GON15k4B" "GON15k6B" and "GON15k8B" respec-
tively. Then,

Ct oo = —803332501949438639785077680036502041971026 - 7~ mod 11*
Chnpn .o = —481285385655855750657979706084676064637009 - 7~ mod 11*
Ut prn s = —213868819357769200493098901765144503450454 - 7" mod 11*
Ctgnpnp = —656145357522354630219258225233960271342002 - 7" mod 11%.

We can check that €1, 0 = —Lfppsa mod 11 and that £r,,y, 5 = —Cppe, s mod 1142,

Weight (8,8,8): Fix p := 13 and let g1, 9, € S§*(14,Q) be the modular forms with
MAGMA labels "GON14k8A" and "GON14k8B", respectively. Then,

Cogngna = —T79415554464330644132416479163260607504365254 mod 13"
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Corgrara = —T9415554464330644132416479163260607504365254 mod 13
Corgrans = —18760397957165789653866436844435740458836497 mod 13%°
Corgrars = —80710539635275621185173618178739136146929888 mod 13"

We can clearly see that €500 = fgga.e mod 13 and we can easily check that
6919192,5 = gglggghﬁ mod 130,

We thus suspect the existence of some quantity ¢ = ¢(k, ¢, m) € N such that

Crgha = (=1)"Usngar  Lrgnp = (=1)"sngp.
A first natural guess would be to try ¢q := W% This seems to work with all the
above examples. However, we note that we only have considered examples with even

weights so far. Indeed, when considering odd weights, we notice that ¢ := W% fails, as
below.

Weight (3,3,4): Let x be the Legendre symbol (3). Let f € S5¥(I'(7),Q, x) and g €
S (T'0(7), Q) be the modular forms with MAGMA labels “GIN7k3A” and “GON7k4A”
respectively. Let p := 5. Then,

Ut t90 = 15605684005197 - 5~ mod 5"
Croro = 27049775802072 - 5! mod 5"
Crrep = —22541288651053 - 5~ mod 5"
Cror5 = —14911894119803 - 57! mod 5.

And we can check that £, , = {47 mod 5'7 and that £, 5 = 4,75 mod 5'7. Since these
values are non-zero, we see that ¢, o and (., 5 are symmetric (and not anti-symmetric)
despite ¢(3,3,4) = 5 being odd.

We thus need to be more clever in our choice of ¢. By looking again at the Definition
4.2.4, we realize that the right contender for ¢ is simply ¢ := W = 1+t This
agrees with all our examples, which we gather in Table 4.1, summarizing the behaviour
of (f,g,h),. We also include additional data points, which do not appear in the above
example, in our table.

We thus have the following conjecture.

Conjecture 4.3.1. Let f, g, h be three cuspidal new forms of weights k,¢,c. Let t :=
%. We have the following relations:

(f> 9, h)p = (_1)t+1(f7 h’a g)P’

i.e. the parity of ¢ determines the symmetry or anti-symmetry of (f, %, x),,.

Remark 12. The difference between our first guess ¢ = and the actual answer
1+t = W, as we will see in Theorem 4.3.2, is simply ¢ — (1 +¢) = k. Thus, the
initial erroneous guess ¢ = k”;m will only fail when we the first modular form f has odd
weight. We will see a similar phenomenon again, in Section 4.3.2, where odd weights will

behave differently from even weights.

k+l4+m
2
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(k,¢,m) (k+¢+m)/2 | 1+t=({+m—k)/2 | Behaviour of (f,*,x),
(2,2,2) 3 1 anti-symmetric
(2, 4, 4) 5 3 anti-symmetric
(2, 6, 6) 7 5 anti-symmetric
(2,8, 8) 9 7 anti-symmetric
(4, 4, 4) 6 2 symmetric

(4, 4, 6) 7 3 anti-symmetric
(4, 6, 6) 8 4 symmetric

(4, 6, 8) 9 5 anti-symmetric
(4, 8, 8) 10 6 symmetric

(6, 6, 6) 9 3 anti-symmetric
(6, 6, 8) 10 4 symmetric

(6, 8, 8) 11 5 anti-symmetric
(8, 8, 8) 12 4 symmetric
(3,3, 4) 5 2 symmetric

Table 4.1: Observed behaviour of (f, g, h), when switching the order of the second and
third variables.

4.3.1.2 Proof

In this section, we rigorously prove that both (f,*, ), and .Z,(f, %, %) satisfy symmetry
relations, depending precisely on the parity of ¢.

Theorem 4.3.2. Let f,g,h be three cuspidal new forms of weights k,0,m. Let t :=

%. We have the following relations:
Z)(f,9.0) = (=1)"""Z,(f, h. g). (4.12)
(f:9.:h)p = (=1 (f, b, 9)ps (4.13)

i.e. the parity of t determines the symmetry or anti-symmetry of (f,*, %), and Z,(f,*, *).

Proof. We begin the proof by setting up some notation. Let

9= _an(g)d; h:=>_ an(h)q";

n>1 n>1
G_; '_ZTQ ; H -—ZTQ )
p pi

so that we have G_; = d "¢/ and H_; = d"*h). Consider the sum

t

X = Z(_l)iG—l—t-l—iH—l—i'

i=0
We can easily check that
t
dX =d (Z(_l)ZG—l—H—iH—l—i) =G Hy— (_1)t+1H—1—tGo-
i=0
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Thus, G_y_Hy— (—1)""*H_;_,Gy is exact and is hence in the kernel of e,4. Indeed, one
can readily check that for any form ¢, U, (d(¢)) is more and more divisible by p as n
goes to infinity. So

0=¢eoa (G 1—+Hy — (—1)t+1H—1—tGo)
= cora (A7 (g7) x AP — (1) gl s a7 (A)) (4.14)
= €ord (d 1- tg[P] % h[p]) _ (_1)t+160rd (g[p} > dflfth[p]) )

By Lemma 2.2.2, gzﬁ[lp I % (Vo) is in the kernel of the U, operator for p-adic modular
forms ¢y, ¢». Thus, sois d™'7* (g') x V(U,(h)), hence eqq (477" (97) x V/(U,(h))) = 0.
Therefore, as hPl = (1 — VU,)h,

eora (A7 (") x WP) = erq (A7 (g7) x h) — €gra (A7 (g') x V/(U,(R)))
— o (47" (97) x ).

Similarly, €oq (g7 x A7 (RF)) = €gua (g ¥ q-tt (h!)). Combining this with Equation
(4.14), we obtain

0= €ora (A7 7g" x h) — (=1)"egq (g x A7 PRI

This implies that .Z,(f, g, h) = (=1)""'.Z,(f, h, g), proving the first statement of the the-
orem.

We will now address the second part: Equation (4.13). Let @ be the invariant differ-
ential associated to G_;_Hy — (—1)""*H_;_;Gy. As we have already showed that this is
exact, this implies that @ = 0 is trivial in cohomology, thus

(wr, e (GoyeHo — (=1 H__,Go)) = (wy, @) = 0,

which gives

(wiyep- (G Hp)) = (1) (wy, ep (H_1_1Gy)) . (4.15)

As explained above, U,(d™"'gl”! x VU,(h)) = 0, so d"""glPl x VU,(h) has trivial slope
projections and ef.(d™'"*glPl x VU, (R))) = 0, so

6f*<G,1,th) = €jyx (Gflfth — G,lft X VUp(h)) = Cpx (G,lftH()).
Similarly, ep(H_1_:9) = ep(H_1_:Gp). Hence, Equation (4.15) gives

(W, ep-(Goaogh)) = (=1)" {wy, ep (H_1-49)) -

Remark 13. One might — rightfully — ask where the term

X = Z G 1—triH 14,

in the proof of Theorem 4.3.2 came from. Here is the heuristic reasoning behind it. We
wished to show that G_;_,Hy— (—1)""' H_, ;G was of the form dX (in order to then say
it was in the kernel of e,;q). To do that we simply formally define

X = /GltHO - (—1)t+1H,1,tG0,
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and formally apply integration by parts in hopes of getting a cancellation to the terms
involving integrals. The integration by parts formula tells us that

/ U@y ®) @Dy _ / WD) e 7 (4.16)

[teratively repeating Equation (4.16) yields

r

/umv(y) = 3 () gy /u<xlr>v<y+1+r>’ Vo.y.r € L.

=0

Applying this to our case gives us

/ HoGoroo = (1) GorprHoy + (1) / G H_\,, VreZ. (4.17)

1=0

Hence, taking r = ¢ in Equation (4.17), we get

/ (G—l—tHO - (_1)t+1H—1—tGO)

:/GltHO_ (—1)t+1/H1tGo

t
= Z(_l)iG—l—H—iH—l—i + (—1)t+1 /GOH—l—t - (—1)t+1 / H_,_,Gy
=0

t
= (_1)iG—1—t+iH—1—i-

=0

Let us now look back at the expressions for .Z,(f, g, h)(k, ¢, m) and (f, g, h), in terms
of projections of p-adic modular forms over the slope 0 and slope k — 1 subspace. We
see, thanks to Equation 4.3 and Definition 4.2.4, that .Z,(f, g, h)(k, ¢, m) is a multiple of
Ctgh.a, while (f, g,h), is a linear combination of ¢y, , and ¢y, 5. Thus, Theorem 4.3.2 is
telling us that both quantities ¢4, , and {4, g5 are symmetric or anti-symmetric in the
second and third variables — depending on the weights of f, g and h.

Note however that the quantities £y, o and ¢4, g are not, individually, fully symmetric
in all three variables. To make them symmetric in all three variables, we need to take
their linear combination, with the appropriate constants. Such constants are exactly the
ones in Definition 4.2.4 of (f, g, h),, as we will see in the following section.

4.3.2 Cyclic symmetry for (f,g,h),

We now investigate a much more interesting behaviour : the cyclic symmetry of (f, g, h),.
At the start of the author’s investigations, he thought that (f, g, h), was perfectly sym-
metric under any cyclic permutation of the three inputs, i.e. that (f,¢,h), = (¢, h, f), =
(h, f,9),. All of the examples computed seemed to agree with this, except for the exam-
ples involving odd weights, which were harder to compute and were only done much later,
after the examples with even weights. Note as well, that even before computing an ex-
ample with odd weights, the author already had started suspecting that (f,g,h), could
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not be fully cyclically symmetric (invariant under any cyclic permutation of the three
inputs), as this would not agree with Theorem 4.3.2. This will be explained in greater
detail in Section 4.3.3, when considering the case of odd weights specifically. Indeed, it
turns out that (f, g, h), will be perfectly cyclically symmetric precisely when the weights
are all even or in the trivial case of when the symbol vanishes.

Unlike Section 4.3.1.1, we do not present our computational evidence here, but rather
chose to present it in its own chapter, as the examples involved are longer and more
numerous. We now finally present our main theorem, proving symmetry relations for
(f,9,h),, when permuting its inputs.

Theorem 4.3.3. Let f, g, h be three cuspidal newforms of weights k,{,m. Then (f,g,h),
satisfies the cyclic symmetry relation

(faga h)p = <_1)k(g7 h7 f)p = (_1)m<h7 f: g)p‘

In particular, when the weights are all even, (f,g,h), is symmetric when its inputs are
cyclically permuted.

Proof. Assume for simplicity that x; = x, = x» = 1. We start with the case of weights
k = ¢ = m = 2. In this case, the diagonal cycle Aj,, is symmetric, as can easily be
seen from Definition 3.1 in [DR14]. Recall that w; ® w, ® wy, is given by the Kiinneth
decomposition and is therefore made up of cup products. So by the properties of cup
products, we have wy ® w, = —wy; @ wy and wy @ Wy, = —w;, @ wy. We can thus write

AJp(D2z2)(wr ®wy @ wh) = AJp(Azp2)(wy ® wi @ wy).

For general weights k, ¢, m, a variation of the above holds. We will first study the
action of permuting the first two coordinates of (f, g, h),, then the action of permuting
the second and third coordinates and finally combine them to obtain the desired result.
We make our argument explicit using the functoriality properties of the p-adic Abel Jacobi
map. Let

rii=k—2, ro:=0—2, r3:=m—2, r::—r1+7’22+7“37
and
W :=E" xE? x E™, WH=E"xE™ x £,
Let

s W —W

be the map that permutes the first and second terms. Then s induces permutations on the
corresponding Chow groups and De Rham cohomology groups: we have a pushforward s,
on CH (W), and a dual pullback s* on Fil""?H;5"*(W)V. The functoriality properties
of the p-adic Abel Jacobi map with respect to correspondences (see Propositions 1,2 & 4
iii) in [EZ782]) give us the commuting diagram

CH™2(W)y —2y Fil'+2H23 (W)

CHr-I-Q(W/)O AlJp Fﬂr+2H3%+3(W’)V.
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Thus, AJ,s, = s*VAJ,. Given Z € CH"*(W), and some w € Fil'?H3;* (W), we
get
AJy(s.2)(w) = (s""AJy(2))(w) = AJy(Z)(s'w).

We can now apply this to the generalized Gross-Kudla-Schoen diagonal cycle Ay, and
take w = w, ® wy ® wy,. We see that the action of s* on w is given by s*(w, @ wy @ wy,) =
(=1)*EDED (W @ w, ® wy), by the skew symmetry of cup products (which are part
of the Kiinneth decomposition). Furthermore, the action of s, on Ag,,, is given by
$: Do = (—1)T+(’”1’"2)Ag7k7m‘ The proof of this is purely combinatorial: one needs to
expand Definition 3.3 of Ay, € CH (W), in [DR14] and permute two subsets of
{1,...,r} of size r; and 7, and intersection of size r —rs. Finally, r+rim+(k—1)((—1) =
(k+¢—m)/2 mod 2, therefore we obtain the symmetry formula

(f.g,h)p = (=1)EH™2(g £ D),

Similarly, (f,g,h), = (=1)“™=R/2(f h g),. Combining these two symmetry formulas
gives
(f7 g, h)p = (_1)k(97 h7 f)p
]

Note that the proof of Theorem 4.3.3 provides an alternative way to prove Equation
(4.13) of Theorem 4.3.2. The proof of Theorem 4.3.3 is more conceptual and relies on the
functorial properties of the p-adic Abel Jacobi map; whereas the proof of Theorem 4.3.2
is more “hands-on” and is also simpler and more intuitive.

4.3.3 The case of odd weights

Even before establishing Theorem 4.3.3, one can use Theorem 4.3.2 to see that cyclic
symmetry for (f,g,h), cannot be proven if we allow odd weights. On the one hand we
have a conjecture stating that we can cyclically shuffle f, g, h as we wish in (f, g, h),. On
the other hand, we just saw in Theorem 4.3.2 that the order of f, g, h determines whether
(f,g,h), is symmetric or anti-symmetric in the final two variables.

To be more specific, suppose that we can find modular forms f, g, h of weights k, ¢, m
such that ¢ m) = ”m;k’Q is odd but t(gm k) = m*’“;é’z is even. Then we would have
by Theorem 4.3.2 that (f,g,h), = (f,h,g), while (g, h, f), = —(g, f,h),. Hence, if we
believe that (f, g, h), is invariant under cyclically permuting its three inputs then we’d
have

(faga h)p = (gv h: f)P = _(97 fa h)p - _(fa hag)p - _(faga h)p (418)
Hence, this would imply that the p-adic triple symbol (f, g, k), is vanishing.

Note that this situation cannot happen if all the weights are even. However, if we
allow one of the weights to be odd, then we need to have precisely two odd weights
and one even weight, as the sum of the three weights must be even. So in the odd
weights case, the weights are of the form k,¢, m with k£ even and ¢, m odd. But then
(l+m—k)/2,({+k—m)/2 and (k+m—{)/2 cannot all have the same parity. Hence, one
of (f,*,%),,(g,*,%),, (h,*,*), must be symmetric and another must be anti-symmetric,
in the final two variables. Thus, in the case where the weights are not all even, in order
for (f, g, h), to satisfy cyclic symmetry, it must be trivial, as described in Equation (4.18).
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Experimental evidence shows that this is not actually the case. Hence, when one of
the weights is odd, (f,g,h), is not always cyclically symmetric. This, of course, is clear
from the statement of Theorem 4.3.3, once we know that (f, g, h), is not always vanishing.
We present the counter-examples in Section 5.3.

4.4 Limitations of (f,g,h),

The initial hope of the author was to introduce a p-adic L-function, in the usual sense
of the term, that would generalize the Garrett-Rankin triple product p-adic L-function,
and also satisfy certain symmetry properties. However, it eventually became clear that
this was likely to be impossible. Indeed, while we had success with the first two tasks,
namely generalizing the Garrett-Rankin triple product p-adic L-function and showing
that our new function satisfied symmetry properties, it seems unlikely that this new
function would be continuous.

We are not proving here that (f, g, h), is actually discontinuous. We are only high-
lighting the fact that although it is defined as a generalization of a known triple product
p-adic L-function, there seems to be no clear reason for it to actually be continuous.

Despite (f, g, h), probably not yielding a p-adic L-function, it still is a very interesting
object, as it is a symmetrized version of Darmon and Rotger’s Garrett-Rankin triple
product p-adic L-function. Moreover, our new symbol has a useful application which we
discuss in greater detail in Chapter 6. Essentially, it allows us to get a handle on the
Poincaré pairing (wy, ¢(wy)). This quantity has only so far been computed when f had
weight 2. We can now potentially compute it for any f of general integer weight.

The further study of the continuity properties of the p-adic symbol (f, g, h), is left
for future works. In particular, it would be interesting to study it alongside the triple
product p-adic L-function from [AI21], which involves non-zero slope projections.
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Chapter 5
Examples

This chapter is dedicated to experimental calculations. Here, we present examples show-
ing how our algorithms from Chapter 3 can be used in practice. We first of all consider
modular forms of even weights: overconvergent and nearly overconvergent. Second, we
consider modular forms of odd weight with trivial and non-trivial characters.

5.1 Calculations in the overconvergent case

In this section we will concern ourselves with the case where all the modular forms
have weight 2. This is the easiest way to ensure that we are working with overconvergent
modular forms. In the next section, there will still be instances of overconvergent modular
forms coming from classical modular forms which have weight greater than 2.

Ezample 2. Let us consider the space of new forms S5V(Q, 57) of weight 2 and level 57.
Let f, g, h be cuspidal newforms in S3*¥(Q, 57):

f=q-2¢—¢+2¢" -3¢ +2¢°—5¢"+ ¢’ +6¢"° +q¢" + ...,
9=+ +¢ —¢" -2 +¢" -3+ —2¢" + ...,
h=q—2¢+¢+2¢" +¢° —2¢° +3¢" 4+ ¢° — 2¢"° — 3¢* + ...

Let p:=5. As in Section 3.2, let f,, and fs, denote the p-stabilizations of f, at some
prime p. Then f, g, h are regular and ordinary at p. Using the algorithm described in
Section 3.2, we compute the quantities €rgp, o, Crgn g, Lont.as Lons,8s Chfgas Cnrgs and obtain

Ligh,a = —3774928826965787816511437758179915984738972855613348870149740387513806 mod 5100
Lign,p = —1600120463087968696799905890349018972704454279824366881678828640068804 - 5" mod 5%
Lohf,a = 3414089135682117556340078214096537672013164967359802729338191598002457 - 5 mod 5101
Lonr,p = 319324687965512071716318643272796126647017637487474169128482176479703 mod 5100,
lhfg.a = 3386642279338565749426053729955310360166771341172640348803607194424548 - 5! mod 5%
Lhrg,3 = —1362182692510584292629393424534010351729144263363030199124032659953338 mod 5109,

and

Ling,a = 3774928826965787816511437758179915984738972855613348870149740387513806 mod 5100
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Lrng,s = 880679317526405930264409438811117931242490011004937901328334255303179 - 51 mod 5%;
Lysn,a = —3414089135682117556340078214096537672013164967359802729338191598002457 - 5 mod 5101
Lyen,p = 1316444872164870993756743549790237920953950571465279247158114744839078 mod 5100
Lhgf,a = —1808920468896542138602596599389737900820358470954594339263049333096423 - 57" mod 5%
Lhgrp = —1848796736101022160118506527593042717532675210104737039492910699421662 mod 5100,

Note that we indeed have g, , = —{fp4~. In order to experimentally verify the symmetry
property of Equation (4.5), we will now compute the periods Q, := (w,, #(w,)) for ¢ in
{f,g,h} by using Kedlaya’s algorithm (see Section 6.1 for more details on how this is
done). We obtain

Q7 = 29505681199130962626561255838977599356333294679056282865324073514068 - 5% mod 5'%°
Qg = —159133461381175901704339380528584168392746264473700984619726139435577 - 5 mod 5100
Q) = 78414893708965262061304860105818868793779659587029031834898206619639 - 5> mod 5'%°.

Finally, putting everything together we obtain

(f,g9,h)p = 5871767952506844465150908265973598858284513190743516082327198557652 - 5% mod 5'%°
(g, h, f)p = 94224189337260166671264507577645656581683633922954092616598438792027 - 5% mod 5'%°
(h, f, 9)p = 328989194731033279961794928605802838532429869011399338836233448557652 - 5% mod 5'%°.

And we can check that all these values agree modulo 5%7.

Ezample 3. Let f,g,h € Sy*(Q,57) be as in the previous example, but let p := 13. We
compute

Ctono = —179615800858514594790935523295005 mod 13*

Cronp = —1173874402611247715932653980534105 - 13~ mod 13*
Conf.o = 1058442539336085401246122595189804 mod 13*

Conpp = 1136250171369817904401024814550290 mod 13;

Ut = 63496452210337112497240034316484 mod 13*

Uhtqs = 86380259995438463086995743653607 - 137" mod 13*.

We also obtain the following periods,

Q; = 747883580536370784038722642576 - 13* mod 13
Q, = 61296861381585516104166315710382 - 13 mod 13*
Q, = 6170002020838093658448481261149 - 13* mod 13*.

Finally, putting everything together we obtain

(f,g,h), = 2124533192750997784031019365198 - 13> mod 13*
(g, h, f), = 2124533192750997784031019365198 - 13* mod 13*
(h, f,9), = 2124533192750997784031019365198 - 13* mod 13*.

And we can see that all these values agree modulo 13%°.
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Ezxample 4. Let us consider the space of modular forms of weight 2 and level 37. Let
f, g, h be the forms given by:

f=q-2¢ =3¢ +2¢" —2¢° + 6¢° — ¢" + 6¢” + 4¢™ — 5¢"" + ...,
g=q+¢ —2¢" —¢" —2¢° + 3¢ + ...,

3
h = g Ta+t 3¢° +4¢° + 7¢" + 6¢° +12¢° + 8¢" + 15¢° + 13¢° + 18¢"% + 12¢"" + ...

Note that f and g are cuspidal while A is not. Let p := 11. Using the algorithm described
in Section 3.2, we compute

— 12449394081 7319266806846509939715933110601021680788506 79207955043794741307164505545339425350661814806627 mod 11'%
Crgns = 3450771149934091507696 169875302041808277366926875008578547994224891139307152592068348464449062826700804 - 11 mod 5

Longa = 49978484316398630843271189143391707270865278108792177515014589007784465613108845936562475728564036908732 mod 11100
Lonyp = 52865352591771879840256886219429829427902355888851338575991309983859585762605123333318833341335099581821 mod 11'%.

éfgh,a

We also obtain the following periods,

Qf = 1560425564171886174125250972396023594348431007710034539825430293654892150571238614470836697519424194957 - 11 mod 11'°
Qg = 3981102196158132743762690037937916717299478064342121837135751827457318771842317960857493978846502603687 - 11 mod 11,

We could not compute €, as our method (based on Kedlaya’s algorithm) for computing
such periods requires the modular forms to be cuspidal (see Section 6.1). Finally, putting
everything together we obtain

(f, g, h), = —472218662156453653979009197568867050229402944704980473061465688637236802620736612000590209462585425361 - 11% mod 11'*"
(g, h, f), = —47221866215645365397900919756886705022940294470498047306 146568863 7236892629736 12000590299462585425361 - 112 mod 111

We then have

(f7 g, h)p = (g7 h, f)p mod 11100.

Example 5. Let now p := 13. Then f,g, h are regular and ordinary at p. Using the
algorithm described in Section 3.2, we compute sgp o, €rgh 8, Lo f,as Lgny,s @and obtain

Crone = 24454544368317321193147788601605125567980312030360933495 mod 13°°

Cronp = —18965396853594186613360415482474096467860639185147922257 mod 13
Conto = 11282761843825929752632895695128941757966403760955183652 mod 13°°

Conps = —15615470003849992531584184284566911000163963570823904538 - 13 mod 13%.

In order to experimentally verify the symmetry property of equation (4.5), we will now
compute the periods Q, := (w,, ¢(w,)) for ¢ € {f, g} by using Kedlaya’s algorithm. We
obtain

Q = —770438160940929413133073891974625125293240143740420509 - 13 mod 13*°
Q, = —1402371697069909741021363743582055751673612471659626504 - 13 mod 13°.

Finally, putting everything together we obtain

(f,9,h)p = 40102917639870025129848982104235551826081871096329837 - 13° mod 13
(g, h, f)p = —127264879339570040102868945443543816739033597010195242 - 13* mod 13%,

and we have (f,g,h), = (g,h, f), mod 13°°.
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Ezample 6. Let us consider the space of new forms S5 (Q, 99) of weight 2 and level 99.
Let f,g,h,t be cuspidal newforms:

f=a——q¢"—4¢ —2¢" +3¢" + 4¢"° — ¢' + ..,
g=q+ ¢ —q¢" +4¢" —2¢ =3¢ +4¢" + ¢'"" + ...,
h=q—¢ —q¢"+2¢° +4¢"+3¢° —2¢"° — ¢ + ...,
t=q+2¢+2¢" — ¢ —2¢" —2¢"° — " + ...
Let p := 5. Then f, g, h,t are regular and ordinary at p. Using the algorithm described
in Section 3.2, we compute Crn0 = Ligta = Lotha = Lofta = Lohta = Chfga = Chgta =
bifgo = ligha = Lrgng = Lrgrp = Lopnp = Loprp = Lontg = lnggp = lngrp = ligrp = lignp =
0 mod 5*. And
Cineo = —36161452234838835287174626710804222 - 5~ mod 5*
Chifo = —20868694281062418936996441211004196 mod 5°°
Cino = 18116699117222185554834264505111476 - 5~ mod 5%
(g = 10629037051287997159580780647896294 mod 5%
ey = 12304397893788887779888991572823477 mod 5%
lipnp = —1015367586697314958200755390530457 - 5% mod 5.

So we shift our attention to f, h,t. We compute

(f, h,t), = 243594474713044585579432523826789 - 5% mod 5*
(h,t, f), = 954137210473144771450556791404914 - 5 mod 5>
(t, f, h), = —182731166743015525943242036720086 - 5 mod 5.

And we can check that all these values agree modulo 5%.

5.2 Calculations in the non-overconvergent case

In the previous case, when f, g, h all had weight 2, the modular form dfl(g[p]) X h, that
was being projected over f, and fz, was overconvergent. This case was addressed in
[Laul4]. To make use of the new, more general, algorithms described in Sections 3.1.3
and 3.2, we need to consider modular forms of different weights.

Let f, g, h be modular forms of respective weights k, ¢, m. We are interested in com-
puting

(., = (1)) ( P B et Do ﬂfgh,ﬂ> ,

pk_l g(f).g)h’ (f g,h

where £1g = Ag, (A7 (g#) x h) and ¢ := LEmh=2

However, we need 0 < ¢ < min{¢,m} — 2 in order to guarantee that d~""*(g") x h
is nearly overconvergent. Since the subcase t = ¢ — 2 ensure the overconvergence of
d ' (gll) x h, we want to avoid this case in this subsection.

For instance, we could take (k,¢,m) = (4,4,4). Then, t = 1 # ¢ — 2. It is harder
to check this result in weight 4. A limitation of our code is that we need the weight
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4 to be strictly less than p — 1. In addition, our method (see Section 6.1) to compute
Qf = (wyr, p(wy)), which is based on Kedlaya’s algorithm (cf. [Ked01]), only applies
when f has weight 2. So we cannot directly check that (f, g,h), = (g,h, f),. We will see
however, in this section, how to get around these issues. We can pick a level N so that
Spev(Q, N) has 4 modular forms f, g, hy, he and check whether or not we have

(f7g7h1)p 2 (g’hl’f)p (5.1)

(f7g7h2)p (g7h27f)p.

Moreover, if we consider the case where a form is repeated twice, as in f = g, we then
have 0y = €, and we only need to check that (g, g,h),/, = (g, h,9),/€,. In this case,
we can compute both sides of this equality.

Ezample 7. Take N := 26, and p = 7. Let f, g, h € S4(Q, 26) be the newforms
[f=q+2¢° — ¢ +4¢" +17¢° — 2¢° — 35¢" + 8¢® — 26¢° + 34¢"° + 2¢"* + ...,
g=q+2¢° +4¢° + 4¢* — 18¢° + 8¢° 4+ 20¢" + 8¢° — 11¢° — 36¢™° — 48¢"" + ...,
h=q—2¢*+3¢ +4q¢" + 11¢° — 6¢° + 199" — 8¢° — 18¢° — 22¢™° — 38¢** + ...

We then would like to experimentally check the symmetry in the three variables, without
having to compute the factors Q; = (wy, dp(wy)).

We compute

Cogho = —853497491248921735765717285309989814027942 mod 7°°
Cognp = —844796013914105998910733611578948320121855 mod 7°°
Cofho = —T726086389244708810173847335792542915982534 mod 7°°
Copnp = —20870274176292581685533778712737818726758 mod 7°°

Cohg.o = 853497491248921735765717285309989814027942 mod 7°°

Cong.s = —662862438250229424238936807802026547626525 mod 7°°
Uhgg = —569818423040149447329383086481457818344930 mod 7°°
Uhges = 638471100617667383586834235541410223190670 mod 7°°

Uhgto = —T792212837978234745972056458409084758844364 mod 7*
lhgrp = —26776706512557383282284171858607065870193 mod 7°°.

and obtain

(9,9,h),/Q, = —14066462242621113516575344633484539401 - 7> mod 7%,
(9, h, f)p/Qy = —6121015725153276828428313903632090359 mod 7°°,
(9,h,9),/Qy = —9698833490637520318356720127976874715 - 7* mod 7°°,
(R, g,9)p/ = 13999099609221502029301977732701650652 - 7> mod 7°°,
(R, g, ),/ = 1784957335724921465199755297995800789 mod 7.

And we can check that,
Q,-(9,9,h), =, (g,h,g), mod 7%

which means that (g,g,h), = (g, h, g), modulo a power of 7 potentially slightly smaller
that 43 (depending of val;(£2,)). Similarly,

(gag>h)p (hagag)p

= mod 7%3.

(9,0, f)p (hyg, [y
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Let us now do an example where all the forms are different in the triple product.

Ezample 8. Take N := 45 and let f, g, h, hy, hy € S4(Q, 45) be the cuspidal newforms:

f=q—q¢—17¢"—5¢° — 24¢" +15¢° + 5¢"° — 52¢**...,
g=q—3¢+ ¢+ 5¢° +20¢" + 21¢° — 15¢"° + 244",
h=q+4¢*> + 8¢ + 5¢° + 69" + 20¢"° — 32¢"* + ...,
hy = q+5¢° +17¢" = 5¢° — 30¢" + 45¢° — 25¢'° + 50¢"" + ...,
hs = q — 5¢* + 17¢" + 5¢° — 30¢" — 45¢°% — 25¢"° — 50¢"" + ...

Pick p = 17, we have a7(f) - a17(g) - a17(h) - a17(ha) - a;7(h3) # 0. Consider the p-
adic symbols (¢1, @2, ¢3),, for distinct ¢; in {f, g, h, ha, h3}, up to permutations. We
have ten potential L-values to compute. Out of these ten, and up to precision 30 (i.e.
in Z/17°°Z), seven give us zero. Namely, g 4,6,, = 0 for v in {a, } and (¢1, ¢, P3)

in {(.fa g, h)v (f7 g, h?)? (f7 h7 h2)7 (.fa h2a h3)a (ga ha h3>7 (ga h27 h3)7 (h7 h?) h3)} The non-zero
values are the ones involving (¢1, 02, ¢3) € {(f, 9, hs), (f, h, h3), (g, h, ha)}. Now, in order
to check Equation 5.1, we compute the following values:

Crghsa = —452987614719404990529824918211982513 mod 17%°
Cronsp = 3024125954105030338283683239626651767 mod 17
Chhg.o = 2167446936326222112724151737488337903 mod 17%°
Cihng,p = —2034761566188734529496358243791947123 mod 17%
Uy foo = —1253203983254546721999333784617671928 mod 17%
Unyre = 4076342701069946998223745573266518441 mod 17%
U fha = —2522890527148207279455366439012348422 mod 17
Uy = 2741139254319171699307348970094495030 mod 17,

and obtain

(f, g, h3),/Q = —1023342994315815801374020643871 - 17* mod 17,
(f, hy h3), /0y = 68362151699300710278000063432 - 17> mod 17°°,
(hs, £, 9)p/ U, = —2631698743570631185431705415466 - 17 mod 17,
(hs, f )/, = 248547247830740599793540647737 - 17° mod 17%.

Thus,

(faga h3)p — <h37f7g)P mod 1725.

(f7 h7 h3)p (h?n fv h)p

We will now consider weights that are not necessarily all the same. We call such cases,
case of mixed weights. Fix a level N € N and consider cuspidal newforms f € S5(Q, V)
and g, h € S;(Q, N). Then, we can consider whether the quantities

(f» g, h)P = (_1)tt'

(wr, d(wy)) [ EL()BrAsy (A7 (g?) x h) N E(fagAs; (A7 (7)) x h)
P! E(fr9:h) E(f.g.h) ’

(h, 90 = (~1y0{22:001) (a(mm; (@) xg) | Erlandog (A7 g))

pm71 g(h7f7 g) g(h,f,g)
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pt £(g;h, f) (9,h.9)
are equal.

As explained in the beginning of Section 5.2, only the calculation of (g, h, f),, involves
taking a nearly overconvergent projection that is not also an overconvergent projection,
since ty40 = (4+2—4—2)/2 =0 # 4 — 2. We do this using the methods described in
Section 3.1.3.

Ezxample 9. Take N := 45, and p = 17. Let f, g, h, ho, hs € S;(Q, 45) be the same as in
Example 8. Let fy € 55(Q, 45) be the newform given by
fo=aq+¢ —q" — ¢ =3¢ —¢"° +4¢" + ...

We compute

(fo, f, ha)p/Qs, = 16513223984800935050336063815246 - 17° mod 17°°,
(f, ha, ho)p/ 2y = 13539421372161396100812664727177 - 17 mod 17°°,
(fos h3, 9)p/Q, = —3366884595101012754561302551722 - 17% mod 17%°
(hs, g, fo)p/ s = 93393936291523115360189136554 mod 17°°.

Using Kedlaya’s algorithm, we compute
Q= (W, P(wy,)) = 73740522216959426358743952636082111 - 17 mod 17%,

Thus, we deduce that we must have

05 f> hQ)P/Qfo
fv ha, fO)p/Qf
(f07 h?n g)p/Qfo
(h3, 9, fo)p/n,

= —8862546113964214628352195959100 - 17% mod 17*7,

Qf - Qfo ’ ((

Qpy = Q- = —1728830956772474294735820116226 - 17 mod 1725,

Similarly for mixed weight (2,6,6), only (g, h, f), involves taking a nearly overcon-
vergent projection that is not also an overconvergent projection.

Ezample 10. Now, take N = 57. Let f € S3(Q,57) and g,h € Ss(Q, 57) be the cuspidal
newforms given by

f=a—2¢ = +2¢" = 3¢"+2¢° = 5¢" + ¢" + 6¢"° + ¢"* + ...,
g=q—2¢* +9¢° — 28¢" — 98¢° — 18¢° + 240¢" + 120¢® + 81¢" + 196¢™° + ...,
h=q+ 11¢* + 9¢° + 89¢* + 6¢° + 99¢° — 1764 + 627¢° + 81¢° + 66¢™° + ....

Pick p = 11. We compute

(f,g,h),/Qp = —19841586742716583327697123 - 11° mod 11%°,
(g, h, [)p/Q, = 4898532676057009152301672 - 11 mod 117°,
(h, f,9),/ = 2590652948658337394871975 - 11 mod 11%°.

Using Kedlaya’s algorithm, we compute

Q; = (wy, p(wy)) = 353068503250943267009292014182 - 11 mod 11%.
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Thus, we deduce that we must have

Q, = Q- 9.1/ = 193527671316152299040913 - 11° mod 11>,
(9, )p) /2

)
Q, = Q W — 4441442674558133588872252 - 11° mod 11%.
g

We will now revisit some old examples and see how it is possible to indeed get around
the issue of not being able to directly compute the period €2, when the weight of the
modular form ¢ is not 2.

Example 11. Thanks to Example 9, we know that
Q; = —8862546113964214628352195959100 - 17° mod 17*

and
Qp, = —1728830956772474294735820116226 - 172 mod 172,

We can thus go back to Example 8 and calculate

(f, g, hs), = 99795872486437369277096456880 - 17° mod 17°°,

(hs, f,9), = T44171283394115732347838121186112 - 17° mod 17%,
(f, h, h3), = 164573667765677253259876978353 - 17° mod 17°°,

(hs, f, h), = —375944554148824313091742684791715 - 17°> mod 17%.

And we indeed have:

(f7 g, h3)p - (h37 f7 g)p IIlOd 17297
(f7 h7 h3)p — (h3, f, h)p mod 1729.

We conclude this section with two longer examples involving different modular forms
of different weights.

Ezample 12. Take N = 21 and p = 11. Let fy € S3(Q,21) and f, g,h € Ss(Q,21) be the
cuspidal newforms given by

foma—C 4+ —q" —2¢" = ¢ —q" +3¢° + ¢" +2¢"" +4¢" + ..,
f=q+q¢—9¢ —31¢" — 34¢° — 9¢° — 49¢" — 63¢® + 81¢° — 34¢*° — 340¢"" + ...,
g=q+5¢+9¢° — 7¢" +94¢° + 45¢° — 49¢" — 195¢® + 81¢° + 470¢"° + ...,

h = q+ 10¢° + 9¢> 4+ 68¢* — 106¢° + 90¢° — 49¢” + 360¢° + 81¢° — 1060¢™° + ....

From Kedlaya’s algorithm, we have
Q, = 412797842384875685536202567431940950593928402977097 - 11 mod 11°°.

Consider the triple (fy, f,g). We can compute

(fos f19)p/ 25, = —2257599454326142239276759004266889152843755460 - 11° mod 11*
(f, 9, fo)p/Q = —2816145142524823359002534585019971120441513443 mod 11*,
(g, fo, £)p/Qy = —1202790078682800562850336220378526707376378726 mod 11**.
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This allows us to recover the periods:

(f07 fv g)P/QfO
(f’g7 fO)p/Qf
= —2509689183927003985676644860386486830080817519 - 11% mod 11°°
-0 (fO?fﬂg)p/Qfo
= Q- =

’ (gaf07f)P/Qg
= 2597224237884861326788056615405141084095558737 - 11° mod 11°°.

Qf = Qfo'

Q

)

Consider now the triple (fo, f, h). We can compute

(fo, f, h)p/ 2, = —2847504000645971661684808020815460021295815552 - 11* mod 11,
(f, hy f0)p/ 2 = 208861134786059864497993853997286411529878026 - 117" mod 11°°,
(R, fo, £/ = 150562340318535656035117305085357243695039436 mod 11°°.

This allows us to recover the periods:

(fo, [ 1)p/S24,
(fa hv fU)P/Qf
= —265990518807064443259324061059582050044810885278 - 11° mod 11°2
(f07 f7 h,>p/Qf0

(ha f07 f)p/Qh
= 351732345322848871789725510885236737451572684266 - 11° mod 11°'.

Qf = Qfo'

(5.3)
Qy = Qfo ’

Note that we can also check that the two values we obtained for the period €2 from
Equations (5.2) and (5.3) math modulo 11°°. We can also compute

(f,9,h),/Q = —14494713415205324727148635803973443784679717 - 11 mod 11*,
(g, h, £),/Q, = 2422280249818398772023030459699296894387061 - 11> mod 11*,
(h, f,9)p/ Q% = 2930787596521014283263530804024042212003237 - 11° mod 11%.

This finally allows us to calculate the full values:

(f,g,h), = 20986917589986718469194287107276286895307311 - 11* mod 11°°,
(g,h, f), = —22914560311143954782518388246573725956557586 - 11° mod 11°°,
(h, f,g), = 7861733475215692445486373857156179960213682 - 11° mod 11°°,

And we can check that all these values agree modulo 118,

Ezxample 13. Take N = 26 and p = 11. Let f; € S5(Q,26), f,g9,h € S;(Q,26) and
f1, f2, 3 € Ss(Q, 26) be the cuspidal newforms given by

fo=a—C++d" =3 —"—d" — ¢ —2¢" +3¢" + 64" + ..,

fi = q+8¢% — 274> + 64¢* — 245¢° — 216¢° — 587¢" + 512¢° — 1458¢° + ...,

fo=q+8¢*> — 87¢% + 64¢* + 321¢° — 696¢° — 181¢" + 512¢® + 5382¢° + ...,

f3 = q—8¢> — 39¢® + 64¢" + 385¢° + 312¢° — 293¢" — 512¢° — 666¢° + ...,
F=q+2¢* — @ +4¢" +17¢° — 2¢° — 35¢" + 8¢° — 26¢° + 34¢"° + 2¢"* + ...,
g=q+2¢° +4¢> + 4q¢* — 18¢° + 8¢° 4+ 20¢" + 8¢® — 11¢” — 36¢™° — 48¢"" + ...,
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h=q—2¢*+3¢° +4q¢* +11¢° — 6¢° + 19¢" — 8¢ — 18¢° — 22¢™ — 38¢"" + ...
From Kedlaya’s algorithm, we have
Q;, = 390581636402185053366232716528660201295552925543487 - 11 mod 11°°.
Consider the triple (fy, f1, f2). We can compute

(fo, f1, f2)p/ S, = —19180624100961986511153693579392799569635332 - 117 mod 114,
(f1, for fo)p/ s, = 14109208854192176214141915814693455702656065 - 11 mod 11%,
(for for f1)p/ s, = —TT93794748784781599257971674959575446350726 - 11 mod 11%3.

This allows us to recover the periods:

Qf1 =Qy, - (fo’fl’fQ)p/Qfo

fo (f1, f2, fo)p/ 25
— 8784279298205578392088869054538764345273563 - 117 mod 11%°

_Q (fo, f1, f2)p/ s,

0, —
: P, fo, f1)p/S2f,
= —14996446534128706542282744967596509831174973 - 117 mod 11*°,

Now in order to recover ¢, €, ), we compute

(f, f1, f3)p/ 2 = 1075423301938684980388264911295884649834112 - 11° mod 11%7,
(f1, f3, [)p/Qp, = —1371650302863648283749356335039702487573085 - 11% mod 114,
(9, f1, [3)p/ 9y = 1366148345583868303072657356484364945545196 - 11° mod 11

(f1, f3,9)p/ s, = 1458224252254476116040209429849988597407090 - 11% mod 11%,
(h, f2, f2)p/Qn = —2253859576144716738598517847715610668997956 - 11° mod 114
(far fo, h)p/ 2y, = —1179453771945534511715867212869271933099333 - 112 mod 114

This allows us to recover the periods:

Qf:Qf X (f1>f37f)p/Qf1
' (f7f17f3>p/Qf
= —899774887450008918231593851176607448072958 - 11° mod 1144

Q, =, - (f1, /3, 9)p/ 5,
(9: f1, 13)p/
= 36578899966340566317653585313947952362533 - 11* mod 114
(f2, fa, h)p/Qf2
(h:f% f2)p/Qh
= —1778956364295561925487995272361714970219339 - 11° mod 11*4.

Qp = Qy, -

We finally can calculate the full values:

(f,g,h), = 479359167857389648779593478353399577891020 - 11° mod 11%°,

(9, h, f)p = 1399506016598818090453046501872791514634546 - 11° mod 1140,

(h, f,9), = 2095226804671605448791510983070380539977212 - 11° mod 11%°.
And we can check that all these values agree modulo 1143,
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By looking at all the examples given in this section, we can observe that the p-adic
valuation of the period €2; grows with the weight of f. It would be interesting to study
these periods further. Moreover, thanks to the reciprocity result given in Theorem 4.3.3,
one could try to assign a value to a non-cuspidal modular form h by considering a balanced
triple (f, g, h) where f and g are cuspidal. We leave this for future works.

5.3 Failure of symmetry for odd weights

We present here the examples that we alluded to at the end of Section 4.3.3. They show
that we cannot have perfect symmetry when the weights are odd, as this would imply
that our p-adic symbol is vanishing — which is not consistent with our experimental
computations below.

Example 14. Let x be the Legendre symbol (ﬁ) Let fo € S2(Q,Tg(11)) and f €
S7(Q,T'1(11), x) be the cuspidal newforms given by

fo=a¢-2¢* - ¢ +2¢" +¢" +2¢° —2¢" — 2¢° — 2¢"° + ¢'' + ...,
f=q+10¢° + 64¢* + 74¢° — 629¢° — 1331¢*" + ...

Pick p = 23. We have a,(fo), ap(f) # 0. From Kedlaya’s algorithm, we have

Qy, = 1908316926377665890962138787495804830512022265904787726295870685765 - 23 mod 2350,
Using the algorithms described in Sections 3.1 and 3.2 we compute

(fo, [ f)p/S2s, = 12800351837817828053684497591209612280474057617335040803146 - 23% mod 23%9.
We thus can calculate the full values:

(fo, [, f)p = —4287211555949028297914812212960436193845556190314173166613 - 23" mod 23°°.

In particular, (fo, f, f)p # 0.

Example 15. Let x be the Legendre symbol (ﬁ) Let fo € S2(Q,To(11)) and f €
S5(Q,T'1(11), x) be the cuspidal newforms given by

fo=q—2¢"— @ +2¢" + ¢ +2¢° —2¢" — 2¢° —2¢"° + " + ...,
f=q+7¢ +16¢* — 49¢° — 32¢° + 121¢" + ...

Pick p = 23. We have a,(fo), ap(f) # 0. From Kedlaya’s algorithm, we have
Qy, = 756130671642371484124056479062727033371 - 23 mod 2330
Using the algorithms described in Sections 3.1 and 3.2 we compute
(fo, [+ )/, = 10091842636221717647840670773574570 - 23" mod 23°°.
We thus can calculate the full values:

(fo, [, f)p = 101939040279920611379142668467746527 - 23° mod 23%.
In particular, (fo, f, f), # 0.
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We now present a examples that doesn’t involve any characters.

Example 16. Let f € S9(Q,I'g(15)) and g,h € S3(Q,I'1(15)) be the cuspidal newforms
given by

f=a-¢ @ ~"+@+¢" +3¢° +¢" ¢ —4g" + .,
g=q+¢ =3¢ —3¢* +5¢° —3¢° —7¢® +9¢° +5¢"° + ...,
h=q—q +3¢—3¢" —5¢° = 3¢° + 7¢* + 9¢° + 5¢"° + ....

Pick p = 13. Note that we actually have a,(f) # 0 but a,(g9) = a,(h) = 0 here. This
doesn’t pose any issues to our algorithms. From Kedlaya’s algorithm, we have

Qp = 753229198219818801217712139799892222367413308961426268 - 13 mod 1350,
Using the algorithms described in Sections 3.1 and 3.2 we compute

(f,9,h),/Q = —2518718285900663610678290074698083293592484983936679 mod 13*".
(f,9,h)p/Qy = —2518718285900663610678290074698083293592484983936679 mod 1347,

We thus can calculate the full values:
(f,9,:h)p = (f,g9,h)p = —10351398176982815004033618592767526990755193294057502 - 13 mod 1348,

In particular, (f,g,h), # 0 and is symmetric (in the 2nd and 3rd variables), which is
consistent with the fact that 533 = 1 is odd.

Example 17. Let f € S3(Q,x(15)) and g,h € S5(Q,T'1(15)) be the cuspidal newforms
given by

f=a-0~¢ -+ +¢"+3¢" +¢"— " —4¢" + ..,
g=q+7¢* —9¢> + 33¢"* — 25¢° — 63¢° + 119¢® + 81¢° — 175¢'° + ...,
h=q—T7¢*+9¢> + 33¢" + 25¢° — 63¢° — 119¢® + 81¢° — 175¢'° + ...

Pick p = 17. We have a,(f), a,(g), ap(h) # 0. From Kedlaya’s algorithm, we have
Q; = 218430893995748916530793080413021976042103824071467519414876 - 17 mod 17°°.
Using the algorithms described in Sections 3.1 and 3.2 we compute

(f,9,h)p/Qr = 11620386382358448368245413864619673715972587517843435318 - 17* mod 17%.
(f,h, 9)p/y = 11620386382358448368245413864619673715972587517843435318 - 17* mod 174,

We thus can calculate the full values:
(f,9,h)p = (f, g, h), = 8960308425349268584612725752076582316781113083897858380 - 17° mod 17°°.

In particular, (f,g,h), # 0 and is symmetric (in the 2nd and 3rd variables), which is
consistent with the fact that 533 = 3 is odd.
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Chapter 6
Computing Poincaré pairings

The Poincaré pairing described in Section 2.3 plays an important role in number theory
and appears in many different areas of this field (see [DL21], [DLR16] and Section IIL.5
of [Nik11] for instance). It is somewhat mysterious as although there are many ways of
describing it theoretically, we cannot efficiently compute it algorithmically.

The main reason why we are specifically interested in the Poincaré pairing is that
it appears in Definition 4.2.4 of our p-adic triple symbol (f, g, h),, which is at the heart
of this thesis. Moreover, in order to demonstrate that our implementation of our new
algorithms from Chapter 3 functions properly, we would like to compute (f, g, h)p, (g, h, f)p
and (h, f,g)p, and check that these quantities are all equal (up to a sign, in the case of
odd weight, as in Theorem 4.3.3).

Using the algorithms of Sections 3.1.3 and 3.2, we can compute the quantities £fgp,
and (4, 3 appearing in Definition 4.2.4. Furthermore, &,(f),&(f,g,h), E(f),E(f, g, h) all
have a closed form given in Equation (4.1). Lastly, ay«, 5y« can be easily computed as
roots of a Hecke polynomial (see Equation 3.14). Thus the only remaining factor in
Equation (4.10) that is non-trivial to calculate is the period Qf := (wy, p(wy)).

In Section 5.2, we have explained how one can get around the issue of computing the
period €2y and still show that our new algorithms from Chapter 3 work properly. We
have thus so far avoided the need to explicitly compute the Poincaré pairing (wy, ¢(wy)).
In this Chapter however, we go back to the question of computing Poincaré pairings and
try to address it using a new approach.

In Section 2.3, we saw that there were no known ways to efficiently compute a general
Poincaré pairing (w,n). But we are actually only interested in Poincaré pairings of the
form (wy, ¢(wy)), which do appear in the literature and are not solely restricted to our p-
adic triple symbol formulas. This makes the problem of computing these pairings slightly
more contained.

6.1 The case of weight 2

In the case where f is a newform (with rational coefficients) of weight 2, the above problem
has already been considered in Section 4 of [D1.21], where the authors used the following
trick to easily calculate ;. The method relies on Kedlaya’s algorithm (cf. [[ed01]).
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In general, given an elliptic curve F, of conductor N, over Q, the modularity theorem
[Wil95, TW95, BCDTOI] proves the existence of a surjective map n : Xo(N) — E
defined over Q. There exists a unique such map of minimal degree, up to composing with
automorphisms of £. We call the degree of this map the modular degree of F and denote
it by mg. The modular degree can be computed using MAGMA [BCP97].

Let now E be the elliptic curve associated to f. The differential wy = 3" an( f)q"%

corresponds to the invariant differential wg := df of the elliptic curve E. Computing the
Poincaré pairing (w¢, ¢(wy)) now amounts to calculating (wg, Frob(wg)), up to including
the modular degree mg of E:

(wg, p(wy)) = mp (wg, Frob(wg)) . (6.1)

The reason behind this is that the correspondence between wy and wg is not perfect, and
the modular degree mg of E is needed as a correction factor.

My Mo
My Moo
precision p™, on the differentials wp = d?"“" and ng = xdf. Then,

Let M = [ } be the matrix representing the action of Frobenius, up to

(we, Mwg) = (Wi, Muiwg + Mang) = Mo;.
Hence, the period €2¢ is simply given by
Q¢ =mpM>; mod p™.

Finally, the matrix M can be efficiently computed via Kedlaya’s algorithm. This hence
gives us an efficient way to compute the pairing (wy, ¢(ws)) when f is a newform of weight
2 with rational coefficients.

6.2 The case of general weights

In the case where f has weight strictly greater than 2, we cannot use the above trick
anymore. Moreover, calculating a Poincaré pairing directly by using the definition given
in Equation (2.16) does not seem feasible in our case. We will thus avoid this direct
approach and instead we resort to a workaround by exploiting the symmetry of (f, g, h),.

Indeed, given a modular form f of weight & and level N, we will exploit the symmetry
discussed in Theorem 4.3.3 together with the method described in Section 6.1 allowing
us to compute pairings (wy,, ¢(w,)) for ¢ of weight 2.

Start by picking an eigenform ¢ with rational coefficients of weight 2 and level N.
Let g be any modular form of weight ¢ and level N such that the triple of modular forms
(f,g,¢) is balanced. Note that if k is greater than 2, then one needs to have ¢ = k in
order for (f, g, ) to be balanced. Note that there is some freedom in the choice of ¢ and
g, and that in most cases, there will be many valid options for ¢ and ¢g. In particular,
one can take for example g := f. Next, we compute the quantities:

(Qpafmg)lh (fvgaga)P/Qf

Note that computing (¢, f, g), involves computing €2, which is can be done by simply
following the method described in Section 6.1, as ¢ has weight 2. Moreover, computing
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(f,9,9)p/S2y doesn’t involve any Poincaré pairings, as we have divided out by the period
Q¢. Finally, we obtain:

(¢, £, 9)p
(fv g, @)P/Qf

The method described above will not always work on the first try, as the p-adic triple
symbol (f, g, ), might happen to vanish. But one can hope that by trying all the valid
combinations of ¢ and g, one will be able to recover the period Q.

Qp =

In the case where the above method doesn’t work, one can still proceed further, as
follows, in order to compute the Poincaré pairing Q := (wy, ¢(wy)) mod p™, for a modular
form f of weight k > 2, level N, and a precision level m € N.

(1) Start by picking a new modular form f, of weight ky > 2 and level N. Then, we
apply the above method to obtain Q.

If this step fails, we start over with a different form f;. Now that we have a modular form
fo of weight ko and known period €y, we can proceed in a similar way to the method
described earlier in Section 6.2 to recover 2;. In the following, the form fo, will play the
role that ¢ played above.

(2) Pick a modular form g of any weight ¢ such that the triple (f, fo, g) is balanced, and
check if (f, g, fo)p/Qy is non-zero (modulo p™).

If (f,9, fo)p/2r =0 mod p™, then we can pick a new form g of weight ¢, ensuring (f, fo, 9)
remains balanced, and repeat Step 2. Since kg # 2, we have a much greater freedom in
picking ¢ while still ensuring that the triple (f, fo, g) is balanced. If we still are unlucky
after a few tries (if (f, g, fo)p/€2s keeps vanishing), we can decide to go back to Step 1,
pick a new form fy and start over from there.

(3) Compute (fo, f,g), and return

(fo, £, 9)p
(f>g7 fO)p/Qf

Remark 14. In the case where both numerator and denominator, on the left hand side
of Equation (6.2), are divisible by a power of p, there might be a slight loss of precision.
However, one can easily keep track of that in practice.

= Qs mod p™. (6.2)

We note that a particular feature of this algorithm is that there does not seem to be
any obstruction for it working with non cuspidal modular forms. Finally, for concrete and
detailed examples of the use of this algorithm, see Examples 9, 10, 12 and 13 in Section
5.2.
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Chapter 7

The challenges and uses of
experimental algorithms

In this chapter, we will discuss some aspects at the interface of experimental compu-
tations and theoretical research in number theory. We will particularly describe how
computations can often help lead and correct theoretical discoveries.

Such matters are not conventionally included in a thesis — and even less in a research
paper. However, as the nature of the author’s work is heavily algorithmic and computa-
tional, it makes sense to comment on and highlight certain aspects of his experimental
research, especially the parts which had a noticeable impact on the examples presented
in this work.

Having gone through most of this thesis by now, the reader has the advantage of
being presented with a polished and coherent version of the theory as well as a selec-
tion of supporting examples. However, this clear presentation hides the many mistakes
that have occurred throughout the elaboration of this thesis. We will present here an
error that occurred in the theoretical calculations done by the author, and how it was
caught by experimental calculations, thus highlighting the importance of experimental
computations.

Looking back at the discussion surrounding Equation (4.9), we put ourselves back in
the context where the author was seeking the appropriate multiple of AJ,(A)(w;Qw,@ws)
to ensure the resulting quantity was symmetric!. To find the right coefficients, the plan
was to simply compute various multiples of AJ,(A)(ws ® wy, ® wy) and see which ones
were indeed symmetric. Let us call this unknown coefficient ¢ = v ¢, where k, ¢, m are
the weights of f, g, h respectively. The author suspected that ¢ = 5, Was one of the

(=1)" _E(f.9:h)

terms appearing in T E e 5O there were only finitely many contenders for ¢ to test.

The problem with this initial approach is that it was not possible to directly compute
AJ,(A)(wf ®wy ®@wp) when the weight of f was greater than 2. Indeed, the formula given
by Theorem 4.2.3, involved the calculation of the period Qf := (w¢, ¢(wy)), which can
only be done by direct methods in weight 2 (as explained in Chapter 6).

!Keep in mind that this work was done much before the development of the proof of Theorem 4.3.3.
Indeed, Theorem 4.3.3 came after the accumulation of experimental evidence suggesting its veracity.
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Nonetheless, the weight 2 case did reveal valuable information as it allowed the author
to see that 1999 = 1, ruling out the factors &(f),&1(f),E(f,g,h). The author was thus
left with only one factor to check: (—1)!/t!. At this stage, the author decided to ignore
the factor (—1)!, as in the case of even weights, it would no make any difference, and in
the case of odd weight, the author was starting to suspect that perfect symmetry did not
hold, so the issue was moot?. The author was now trying to address the potential factor
1/t!, in the even weight case.

The problem is that this factor cancels out if all the forms have the same weights,
so experimental evidence involving £ = ¢ = m would not be conclusive. So, one would
need to take for example (k,¢,m) = (4,6,8) in order to check whether the factor 1/¢! is
needed for the symmetry relation to hold. However, remember that we can only compute
Qg if ¢ has weight 2. So all our computations so far (many of which involved different
weights that were not just 2) did not indicate the need to add 1/¢! because this potential
factor was merged with the unknown period Q4. To truly see that we need to add 1/t!,
the author needed to conduct an experiment involving many modular forms, of weights
(2, w1, w1), (2,ws,ws) and (w1, wsy, ws), for wy # we, as is done below in Examples 18 and
19.

In order to establish whether or not the factor 1/t! is needed in Definition 4.2.4 of
(f,g,h)p, we need to compute an extensive example involving many modular forms. We
set up the following notation

AT (A) (W, @ W, ® W) = AJp(A)(We, @ Wy, @ Wes) /g, -

We are essentially trying to find out if the constants i ¢m, te.m ks tmke are 1 or not, in
order for

Q Q Q
L—fAJ;(A)(Wf(X)wg@wh) = —L AT (A) (wy@wn®uwy) = - LAT(A) (wh@wr@w,) (7.1)
kfm l,m,k m,k,l
to hold. And while we cannot compute any of tx m, tem.k, tm ke individually, we can
nonetheless compute some of their ratios, as in Equations (7.4) and (7.5), which will be
enough for our purposes. The examples below make this clear.

Before presenting the computational examples that allowed the author to discover ¢, we
pause to reflect on what we expect to happen. Having read Chapter 4, and being aware of
Theorem 4.3.3, we know that in the set up of Equation (7.1), the factors tx ¢m, te.m ke, tm k.0
all must be 1. Indeed, they all should be 1 in the absence of any mistakes. The examples
below tell the story of how the author, while looking for a potential missing factor «,
realized that no missing factor was needed, but discovered instead that all his formulas
were off by a factor of ¢! due to a typo that was made at the start of his investigations
on his thesis research topic. Indeed, the author had mistakenly forgot the factor ¢! both
in Lemma 4.2.2 and Theorem 4.2.3. This mistaken was likely due to the fact that the
author initially started working with forms of weight 2 (where ¢ = 2) and when he moved
onto higher weight forms, he carried over some of his formulas without modifying them
appropriately.

2In hindsight, we now know that there still is a symmetry relation in the odd weight case, as described
in Theorem 4.3.3, just not the perfect symmetry relation that the author was initially looking for.
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Ezample 18. Take N = 45 and p = 11. Let fy € S2(Q, 45), f1, fa € S4(Q,45), g1 € Ss(Q, 45)

and hg, hs, hys, hy € Sg(Q,45) be the cuspidal newforms given by
fo=a+@—q"—¢" -3¢ — ¢ +4¢" + ..,
fi=q—q¢*—7¢" —5¢° — 24¢" + 15¢°% + 5¢'° — 52¢" + ...,
f1i=q+5¢*+ 17¢* — 5¢° — 30¢" + 45¢® — 25¢'° + 504t + ...,
g1 = q+2¢% — 28¢* + 25¢° — 132¢" — 120¢° + 50¢'° — 472¢* + ...,
hy = q — 5¢* — 103¢* + 125¢° + 930¢" + 1155¢° — 625¢'° — 8450¢"! + ...,
hs = q + 10¢% — 28¢* + 125¢° — 117047 — 1560¢° + 1250¢*° + 2650¢'" + ...,
hs = q + 13¢% + 41¢* + 125¢° + 1380¢" — 1131¢® + 1625¢*° + 3304¢** + ...,
hr = q + 22¢* 4 356¢" + 125¢° — 420¢" + 5016¢° + 2750¢'° + 29444 + ...

From Kedlaya’s algorithm, we have

Qy, = 75179727856617009001000006809957594750248291769451 - 11 mod 1159,

Consider the triples (fo, f1, f1), (fo, hs, hs), (fo, hs, hy) and (fo, ha, hs). We can compute

AT2(A) (wy, ® wy, @ wy,) = 45388181573533700018757213276839454745620940075 - 11° mod 11%,
ATS(A) (wy, @ wy, @ wy,) = —21289803841847354291667137268730473574207814305 - 11 mod 117
AT (A) (W, ® why ® why) = —7883744584978609376024635670484433363661836 - 117 mod 11%,
AJC — —5971483489878265375200019376174870707005790 - 11 mod 11°°

—1563388105990929898228309680112155681136958 - 11° mod 11*%,

951609632478608725696821363017914560917530 mod 118
6144847115415841661115184373628383161074035 - 117 mod 11°°,
23900428463197686164468906797722706561621936 - 11 mod 11%°.

»(A)
»(B)
Tp(8)
Tp(8)
Tp(8)
Tp(8)

Wiy @ Why @ Wy

)=
)=
)
A)(why @ why @ wy,)
)
)
A)(wy, @ Wiy, @ Why) =

) =

(
(
(
(Whs ® Wiy ® Wy,
(
(

A)(Why @ Why ® wi,

This allows us to recover the periods (up to some ratio of ¢’s):

(7.2)

(7.3)

O, . 244 _ Q. . AJ;(A)(wa R wy ® wy,)
N ae AT (A) (wy, @ wyr, @ wy,)
= —236086757614732508852481319504036268095331917865 - 112 mod 11*®
Q. - L2838 _ ] AJ;(A)(wa ® why @ whs)
? 18,82 fo AJ;(A>(wh3 ® Whs @ wfo)
= 8085352394103372492209119758164662491031019 - 11° mod 11*®
Q. - 1288 —Q, - AJ;(A)(wa ® Why @ wh7)
Ylsse T AT(A) (why ® Wiy ® wyy)
= 1580737069057258426883368506537741442262760 - 11 mod 1147
€, - 1288 _ ) AJ;(A)(wa & Why & Wh5)
* 1g82 fo AJp(A) (W, ® why @ wy,)

= —13128944487668525963364745889232157275775528 - 11° mod 118,

Note that the values of 2, at (7.2) and (7.3) agree modulo 1144
Consider now the triples (fi, g1, he) and (f1, g1, h3). We can compute

AT2(A) (wr, ® wy, ® wy,) = —16385429971934052493894348074276020562519981 - 11° mod 117,

AJ2(A) (why @ Wy, © wg,) = 20169725681001505412372580117718650758563247 - 11 mod 11°°

A IO(A)(wﬁ ® Wy, @ why) = —18654060703224527449855303334476367028551545 - 11> mod 11,
Jo(A) (why ® Wy, ® wy,) = —21420916386748394556607704598255082490950756 - 11 mod 11%.
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Now, Equation (7.1) allow us to write:

taes _ Sl AL (A)(wp, @ wy, @ wh,

p(A)( )
18,46 Oy, AJZ(A)(th QW ® wWgy,)
tues _ Sl AT (A)(wy, ® wy, @ wpy)
L8,4.6 N Q. AJ;(A)(whg Qwp ® wgl)'

We thus finally obtain:

. 12,44 o
L468 244 1882 Qp, nas AL (A) (wp ®wy, ®wh,)

1288 o
1846 tad2 288 Ony 00 AJL(A) (why, ® Wy, ® wy,)

= 15 mod 1138

L l24.4 o
l4,6,8 1244 1882 Qfl 14,4,2 AJp(A) (wfl ® Way ® wha)

: ) 288 o
846 laaz t2gs  ny o0 AT (A)(why ® Wy, ® wy, )

= 15 mod 11%.

Meanwhile, we can easily check that

tags! toaq! tggo! 4l-20.0!
4,6,8 . 2,44 . 8,8,2 _ _ 1/15
t8,4,6! t474,2! t2,878! 0!-0!-6!

Therefore, we conclude that we need to take g ¢, := 1/tgem! in Equation (7.1) and in the
definition of (f, g, h),.

This makes sense, since we know that the author had mistakenly forgot to include the
factor of ¢! in Lemma 4.2.2 and Theorem 4.2.3, at the start of his research. Thankfully,
it was possible to notice this mistake through Example 18, while the author was looking
for other potential missing factors. Hence, thanks to this example, the author both
realized that a term was missing in his initial formula, and gained confidence that no
more coefficients would be needed in the definition of (f, g, h),.

It is only after concluding that the correct definition for (f,g,h), was simply
(fv 9, h)p = AJP(A>(wf ® Wg ® wh)

that the author started investigating AJ,(A)(wy ® wy ® wy) much more theoretically thus
obtaining a proof for the desired symmetry result of Theorem 4.3.3 .

We now present one last example, in the same spirit as the previous one, that the au-
thor conducted as part of his investigation into potential missing factors in the definition
of (f,g,h)p. In it, we obtain the same conclusion as the previous example.

Ezample 19. Take N =42 and p = 11. Let fy € 55(Q,42), f1 € S4(Q,42), 91,92, 93, 94,95 €
S6(Q,42) and hq, ho, hs, hy € Ss(Q,42) be the cuspidal newforms given by

fo=q+ -+ —2¢" - — "+ +¢° —2¢"° —4¢" + ...,

fi=q+2¢*+3¢ +4¢* +2¢° +6¢° — 7¢" +8¢® + 9¢° + 4¢'° — 8¢*! + ...,

g1 = q+4¢% +9¢° + 16¢* + 24¢° + 36¢° + 49¢" + 64¢° + 81¢° + 964¢'° + 664" + ...,
go = q + 4¢% — 9¢° + 16¢* + 76¢° — 36¢° — 49¢" + 64¢® + 81¢° + 304¢'° + 650¢*" + ...,
g3 = q — 4¢% + 9¢° + 16¢* + 26¢° — 36¢° — 49¢7 — 64¢® + 81¢° — 104¢*° + 664¢** + ...,
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s = q —4¢% + 9¢° + 16¢* — 72¢° — 36¢° + 49¢" — 64¢° + 81¢° + 288¢*° — 4144 + ...,

g5 = q —4¢% — 9¢° + 16¢* + 44¢° + 36¢° — 49¢" — 64¢° + 81¢° — 176¢*° — 4704 + ...,

hy = q + 8¢% + 27¢° + 64¢* + 470¢° + 216¢° — 343¢" + 512¢% + 729¢° + 3760¢*° — 7268¢' + ...,
hy = q+ 8¢% — 27¢% + 64¢* + 30¢° — 216¢° + 343¢7 + 512¢% + 729¢° + 240¢*° + 1788¢* + ...,
hs = q — 8¢% + 27¢% + 64¢* — 122¢° — 216 %5 —343¢" — 512¢% + 729¢° + 976¢*° — 1012¢** + ...,
hs = q — 8¢% — 27¢° + 64¢* — 18¢° + 216¢° + 343¢" — 512¢% + 729¢° + 144¢'° + 8172¢** + ...

From Kedlaya’s algorithm, we have
Qy, = —9034816949231077110517190719398315080197 - 11 mod 11°.

Consider, separatly, the triples (fo, 91, 94), (fo,92,95), (fo,h1,hs) and (fo, he, hs). We can
compute
124680751736764040985935710225618155 - 11* mod 118,
—90251945472047978442198750499291743 - 112 mod 1136
4893054032653957200508369319131857 - 11° mod 11%,
—88739138351321452201019987918972165 - 11 mod 113
(A)( —448616575576795257229893182060057 - 11° mod 113,
AJS(A)(why ®@ wpy @ wy,) = —749258580675796749294172830560666 mod 112
AJS(A)(why ® why ® wy,) = —T784236221488648317736471307372074 - 117! mod 11%,
(A)(
(A)(

AJ;(A) Wiy O Wy, & Wy,
ATS(A)
A3

( )
(Wg, ® Wg, @ W,)
A)(ws, @ wg, @ wyy)
AJ;(A)(u)g2 ® wgs @ Wiy)
AJ; A)(wi, ® why @ Why)
)
)
)

AJS(A)(wy, ® why @ wh,) = —346976135951247227955068362173850 - 117 mod 11%,
AJ5(A)(why ® why ® wy,) = —534235525560566914862894096664534 mod 112,

This allows us to recover the periods:

0 . 266 _ . AT (A) (wy, ® wy, @ wg,)
T ese T ATS(A) Wy ® W, @ wy)
= 60403396819152049794060226976373568 - 11° mod 113°

Q. 266 _ o AT (A) (Wi, ® wg, @ wgs)
2 1662 fo AT (A)(wg, ® wg, @ wp,)

= 90276456136094165467670278222486928 - 11° mod 1177
Q. - 1288 _ ¢ AT (A)(wy, ® why @ why)
Pgse 0 ATS(A) (Why ® why ® W)

= —526787756063977460369560891853684 - 117 mod 1133

Q. - L2838 — Qs - AJ;(A)(wa ® Why ®wh3)

Vlgsz 0 AT(A) Wk ® wh, ® wyy)
= —610255982304186836307627128142605 - 11% mod 113

th ) 1288 —0Q AJZ(A)(wa @ Why, & wh5)

18,8,2 fo” AJ;(A)(th & Whs & wfo)
= —694718239558038254512803761442819 - 118 mod 113%.

Consider now the triples (hi, g2, g3), (h2, g1, 93) and (g2, f1, h3). We can compute

AJS(A) (why ® wg, @ wy,) = 57493837858304225712854784630527 - 11 mod 112
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(A)(wg, ® Wy ® why ) = 92193884923190499661919396988798 - 11* mod 11%°
—22045884096649360799249926867730 mod 113!,
—92143610104545663337356032428792 - 11° mod 113
O(A)(wg, @ W @ why) = —1456642105829712076099530118300 - 112 mod 1174,
A)(why @ wy, @ wy, ) = —317820065254750439639290920823053 mod 1172,

AT (A)
AJ;(A) Why ® Wy, ® We,
AJ(A)
p(B)
(D)

( )
( )
(g, ® wg, ® why)
( )
( )

AJ
AJ

Now, Equation (7.1) allow us to write:

66 _ Qn AJR(A)( )
s Qg AT(A)( )
18,66 _ Sy AT (A)(wh,y ® wy, ® wys)
(A)( )
(A)( )
(A)( )

16,6,8 le . AJO A
L6,4,8 . % AJIO) A

18,6,4 th . AJO A

This allows us to finally obtain:

. L2.8,8 o
1866 (288 1662 Qp, sz AJp(A) (W ®wg, ® wy,)

— p
- 12,6,6 )
668 (882 1266 Sl ey AJH(A)(wg, ® wg, @wh,)
=57 mod 11%
12,88 °
1866 (288 1662 e AT(A) (why ® wy, ® wy,)
- 12,66 )
teos tes2 l266 Slg v ioer AJL(A)(wg © wgy @ why) (7.5)
=571 mod 11%°

. 12,66 °

l64,8 1266 882 Qg 6,62 AJp(A)(Wgz R wp @ W)
L2.8.8 o

1864 1662 (288 Ong oo AT (A)(why ®wy, @ wy,)

L8,8,2 p
= 15 mod 1131,

Meanwhile, we can easily check that

tge6! t288! 662! B 1!-6!-0! _5

toos! tss2! taee! 31-00-41 7

teas! tage! tgga!l 20-4!.0!

6,48 12668 1882 —1/15.

tgea! tee2! tagg! 0!-0!-6!
As expected, and as we have seen in Example 18, we need to take tgm = 1/tgem! in

Equation (7.1) and in the definition of (f, g,h),. This is consistent with Definition 4.2.4,
given in Section 4.2, where we can see the factor ¢! appearing in the formula of (f, g, ).
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